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Modeling the Behaviour of Race Car Suspension Components
J.J. Salinas

Introduction

The motion of a racing car consists of translation and rotation. If we describe this motion using a three-dimensional,
co-ordinate system with axes X, Y and Z, the translation may be described in terms of three displacements in the
direction of the axes. The rotation may also be described in terms of three component rotations about the co-ordinate
axes. We can say then that the car, as a whole, has six degrees of freedom (DOF), three translations and three
rotations. Z

The three translations are:

e motion in the direction of travel (X—AXxis)
e sideways motion (Y—AXis)
e vertical motion (Z—AXxis)

The three rotations are
o roll (About the X—AXxis)
e pitch (About the Y—-AXis)
e yaw (About the Z—Axis)

The components of the car are held together by rigid or flexible connections such as bars, struts, links, springs, roll
bars or dampers. The individual behaviour of these components plays an important role in explaining the overall
behaviour of the car. The interactions between the wheel assemblies and the chassis, through the connections, rigid
and flexible, are complex and difficult to assess in detail.

Various authors have proposed simplifications in the model parameters to permit a reasonable evaluation of the
behaviour of the car and its various components. These simplifications usually consist of reducing the 3-dimensional
system to a 2-dimensional model. One such simplification is the ‘bicycle model” where the properties of the two
front wheels are combined to form one single wheel and a similar operation is performed on the rear wheels. The
resulting model then consists of a front, steering wheel and a rear, propulsive wheel, just like a bicycle.

To overcome the limitations of the bicycle model, the ‘wheel pair model’ was developed. In this model, the effects
of loads and other demands on the system are split into ‘front’ and ‘rear’ components and each “wheel pair’ is then
modeled independently.

The next step from these two-dimensional models is to utilize a 3D analytical model. Visualization of translation
and rotation components in a complex system can be simplified if the 3D problem is examined as a combination of
three 2D problems. For this reason, we will define 3D model parameters using 2D plan, side and elevation views of
the system and its major components.

Parameters

To explain the behaviour of a racing car, at rest or in motion, we need to consider a number of input and output
parameters. Input parameters are known or measured dimensions, position co-ordinates, spring rates, loads, etc.
Output parameters consist of loads and deformations or displacements. The analytical model derived here uses basic
principles of mechanics, strength of materials, linear algebra and analytical geometry to develop mathematical
expressions to characterize the relationships between input and output parameters.

The basis of the 3D model is the assumption that wheel assemblies have only one degree of freedom. That is, wheels

can only move up and down, and in doing so they activate the rigid and flexible suspension components. Loads on
the car consist of its own weight and that of other components such as ballast, driver and fuel plus the kinetic effects
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of turning, acceleration and braking, in addition to aerodynamic loads. These loads are applied to the chassis and
passed through the suspension components to the wheel assemblies and to the ground.

The handling characteristics of the car are dictated, to a large degree, by the vertical forces at the contact patch of the
four tires. Finding the value of these contact patch forces under the effect of the various loads and geometric and
material constraints is the main focus of the analysis.

The motion characteristics of the chassis are defined in terms of an overall vertical displacement (squat), a lateral
rotation (roll) and a longitudinal rotation (pitch). We will not consider the yaw motion component. Squat, pitch and
roll are calculated in terms of the vertical displacements at each corner. Finding the value of these four vertical
displacements is the second part of the main focus of the analysis.

Input parameters consist of loads, dimensions and material properties (e.g., spring rates). Output parameters consist
of 4 forces and 4 displacements.

Components

The system components are: the chassis, the wheel assemblies and the suspension. The chassis is assumed to be a
rigid body, supported by the suspension components and having three degrees of freedom: a vertical displacement
(squat), a lateral rotation (roll) and a longitudinal rotation (pitch). The wheel assemblies are also rigid bodies but
have only one DOF, namely the vertical motion of the wheel. The suspension components can be rigid or flexible.
Rigid suspension components can be links, struts or track bars. Flexible suspension components can be springs, roll
bars or dampers. Flexible suspension components have one DOF. Rigid components have none.

Suspension Systems

Two types of suspension systems will be considered, independent and solid axle. Independent suspension systems
consist of (rigid) bars or links and (flexible) springs, roll bars and dampers. They can be used in the front corners or
in the rear.

Solid axle suspension systems, as the name implies, consist of a single (rigid) axle joining two wheel assemblies

plus one (rigid) track bar connecting the axle to the chassis and (flexible) springs, roll bars and dampers at each
corner. For the purpose of this book, solid (live) axle suspensions are used only at the rear.

Co-ordinate system
To make reference to the location of components and loads we define a co-ordinate system making the following
assumptions:

1) The origin is an arbitrary point located at or near the geometric centre of the plan view of the car,
at ground level.

2) The X-axis runs along the length of the car, at ground level. Positive sense is towards the front of
the car.

3) The Y-axis runs parallel to the wheel axes, at ground level. Positive sense is towards the left side
of the car.

4) The Z-axis is vertical. Positive sense is upwards.

5) The system must be “right-handed”. This means that if we place the heel of the right hand on the
X-axis while the fingers curve towards the Y-axis, the thumb points in the direction of the Z-axis.
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Geometry

The analysis considers a completely asymmetric configuration for all the components. This means that it is possible
to have different values for half-track, wheelbase, wheel size, and spring/roll-bar/damper location at all corners. This
includes the possibility of also having different values for spring rates and motion ratios at all corners. The following
figures show the co-ordinate system, basic dimensions and suspension types used in the analysis.
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Notation

(1) LF  Left Front corner
(2) RF  Right Front corner
(3) LR  Left Rear corner
(4) RR Right Rear corner
fi Half wheelbase (i=1 ... 4)
ti Halftrack (i=1 ... 4)
Vi Wheel motion
xi Fore-aft Wheel Location
+/- {; Half Wheelbase
yi Lateral Wheel Location
+/- ti Half Track
CG Centre of Gravity for total mass
X1, Y1, Z1, CG co-ordinates
Ri Wheelradius(i=1...4)
e,a, o Track Bar location and orientation

The Half wheelbase values are denoted by {i. These values are fore-aft DISTANCES from the origin and are
positive for both front and rear wheels. x; is the fore-aft location of the wheels and is positive for the front wheels
and negative for the rear.

The Half-track values are denoted by ti = Half Track. These values are DISTANCES from the origin centerline and
are positive for both left and right wheels. yi is the lateral location of the wheels and is positive for the left wheels
and negative for the right wheels.

Wheel Motion

The chassis is represented by a rigid platform while the tire contact patch points lie on a reference plane normally
called the ground plane. When the chassis moves, this reference plane moves with the chassis as if it were

attached. The suspension and tires move so that the tires remain in contact with the ground. Wheel motion,
sometimes called wheel travel, is the vertical distance from the tire contact point on the ground to the

reference plane. As the chassis moves vertically (heaves or squats), rolls or pitches, the distances between the
ground and the reference plane changes. This is wheel motion. Wheel motion can change as the result of the chassis
moving, one or more wheels moving (bump) and/or any combination of the two.

—rt
Wheel motion o = el
A\

i ™
Y
\V2 Wheel motion

Chassis Reference Plane —IJ

Dynamics Chapter 15 Mathematical Analysis 6



If the chassis squats (moves down), the vehicle exhibits POSITIVE wheel motion. The wheels move up in relation
to the chassis.

If the chassis rolls to the right, as in a left hand turn, the right side chassis points go down and exhibit POSITIVE
wheel motion. The left side chassis points go up and exhibit NEGATIVE wheel motion as the wheels move down in
relation to the chassis.

The spring displacements have the same sign as the wheel motions. As the chassis squats, the wheel motions are
positive and the springs compress with POSITIVE displacement. When the chassis heaves (rises away from the
ground), the wheel motions are negative and the springs extend with a NEGATIVE displacement.

Frame of Reference

“Frame of reference describes the viewer’s perspective. In most of this book, we use the ‘world” reference wherein
the ground is fixed and the chassis moves about above the track. The engineer, standing beside the track, sees the
vehicle pitch and roll as it moves along the track. This is the normal viewpoint of authors, software writers and
motorsports engineers.

The driver has a different frame of reference, often called the ‘vehicle’ frame of reference. From this viewpoint, the
vehicle remains fixed and the world moves around the vehicle. The scenery rushes by the window and the ground
moves under the tires. This frame of reference is shown by in-car video. A wind tunnel exploits the driver’s frame of
reference. In the earth’s frame of reference, the vehicle moves through the air. In the vehicle frame of reference, the
vehicle is fixed and the air moves past. This is what makes a wind tunnel useful.

To the driver, the chassis remains fixed to his body and the world revolves around him. Indeed, to most drivers,
successful or not, they are the center of the world.

Many things, including wheel motion, are clearer in the driver’s frame of reference. In this frame of reference, the
wheel motion is simply how far the ground moves under each tire.” WM C- Mitchell
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Centre of Gravity

To determine the Xt and yr co-ordinates of the centre of gravity, the car is placed on scale pads and the load at each
wheel is measured: Py, P2, P3, and Pa. b

Static Analysis
We consider the plan view of the car and write the following equilibrium equations: Sum of vertical forces, sum of
moments about the X-axis and sum of moments about the Y-axis must equal zero.

¥k, =0: [1] PL+Py+P3+ Py =Wy

XMy =0 [2] Pity —Pots + Patg + Pyty = Wy Yt
>My =0 [3] Pily +Poly —Pala —Pgly = W Xt
Solving

XT _ P1|1+P2|2—P3|3—P4|4 and YT _ Pltl—P2t2+P3t3—P4t4
Wy Wy

Elevation of CG (z1)

The zr co-ordinate of the CG is determined using a special procedure described elsewhere. In this procedure, the
rear end of the car is raised and the scale pad loads on the front wheels are measured for various angles. The co-
ordinate Z is determined as a function of the front end loads, the angle of elevation, wheel-base dimensions, CG
location (Xr,YT) and other geometric parameters.

z

X
We=P1 + P> ||/

A4
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The formula given below is based on the one proposed by Milliken and Milliken (p670).

_ We(lp+1 _2XT)+ (Re+R2)(I3+14+2x7)+ (R3 + Rg)(Iy + 15 — 2x7)
2WT (h/b) 2(|1+|2+|3+|4)

T

It is recommended to use various settings for h and We and to use an average value for zr. We now have the co-
ordinates X, yT, 7 for the CG and will be using them to calculate wheel loads and spring deflections later on.

Bias

Once the location of the CG has been determined (X, y, Z1), it is possible to adjust the geometry of the car (track,
wheel base, etc.) to change the scale pad wheel loads until target values of left bias, rear bias and wedge are
achieved. These values of bias and wedge are dictated by the type of car, race standards, specifications or rules,
racetrack geometry and other parameters. Values of scale pad wheel loads P1, P2, P; and P4 are used to calculate
bias and wedge values as follows:

Left Bias = Left side loads N B, = P +P;
Total Car Load Wr
P,+P
Rear Bias=Ll0adS > B =_3 4
Total Car Load W,
Wedge Bias = Rear Left Load + Right Front Load N B, - P, +P3
Total Car Load W+
Equilibrium > > > > > Wr =P, +P, +P3+Py

This system of four equations and four unknowns can be written as follows:

P1+P2+P3+P4=WT

P]_ +P3 :WTBL
P3 + P4 = WTBR
P2+P3 ZWTBW

In turn, these equations are written in matrix form:

1 111](p 1
1010/|P, BL
0011]|Ps Br
0110]|P Bw
Solving
) 1117t (1 (101 -1 1] 1
P,| {1010 BL| 1/ 1-1-1 1 BL
= Wy == Wi
Pl 0011 Bl 2/-1 1 1 1 Br
P, [0110] Bw | 1-1 1 -1 Bw
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To determine scale pad loads required to meet target values of bias and wedge, we can use the following
relationships:

PF%(“ B -Br —Bw)
P> :%(l_BL ~Bgr +Bw)
Wr

Py :7(—1+ BL +Bg +By)

W.
Py =TT(1—B|_ +Bgr —Bw)

With the formulas derived so far, we can perform three very important calculations:

1) Determine the xr and yr co-ordinates of the CG for known scale loads
2) Calculate scale loads for known values of bias and wedge
3) Calculate bias and wedge for known values of scale loads

A distinction is made in the analysis between the total mass (W) the sprung mass (Ws) and the unsprung mass
(Wu) of the car. Each one of these components has its own centre of gravity and their co-ordinates must also be
determined. The following sections discuss how to determine these important quantities.

Unsprung Mass (Wu)

To determine the location of the centre of gravity of the unsprung weight, we assume that we know the weight of the
wheel assembly at each corner and assume it to be located at the wheel axle, directly above the middle of the contact
patch.

Z

\ 4
me

!

!

| b

: Front View I
Independent Suspension Left Front Corner

The co-ordinates (xu, Yu, zu) of the centre of gravity for the overall unsprung weight are determined in the
conventional manner, as we did for the total weight. And to find the elevation of the centre of gravity for the
unsprung weight requires a special construct, as shown below.
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Wr =Wy + Ws

Wu = Wy + Wuz + Wus + Wus

Xy = Wih +Wyalp —Wysls —Wyaly

Wy
_ Wuily —Wyaltp + Wyglts =Wty
Yu = W
U
2y = WuiRy +WyoR5 +Wiy3R3 + WysRy

Wy

Sprung Mass (Ws)

To determine the weight of the ‘sprung mass’ and the location of its centre of gravity, we use basic principles of

mechanics, as shown.
Ws = WT — WU

WTXT —WUXU
Xg=—"T—""—"

Ws
_ Wryt —Wuyy
Ys _—W
S
- WTZT —WUZU
gL

Ws
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Analysis
To calculate wheel loads and rides for a known geometry and suspension parameters, we use an analysis procedure
considering:

(a) Equilibrium of vertical (Z) forces and moments about horizontal axes (X,Y)

(b) Material behaviour of springs and other suspension components (Hooke’s Law)

(c) Compatibility of deformations of the rigid chassis. (Compliance)

At this stage, the equilibrium analysis of forces and moments considers only the vertical force at the contact patch
under each tire. Material behaviour considers the relationship between the force and deformation of each spring, roll
bar and shock. Compatibility of deformations assumes that the chassis is a rigid body and the displacements, used to
determine ride height, must satisfy certain geometric constraints. In brief, we will work with loads at the contact
patch, forces and deformations on the suspension components and final displacements at arbitrary points where ride
height is measured. We also need to know the location (co-ordinates) of each component. The diagram below
shows the location of contact patch and ride points.

O Shock
|
i ¢ Roll Bar
i
|

@ Spring

Y

Location of contact patch and ride points

X Contact Patch Load (P)
® Spring Force/Deformation (F/d)
H Ride Point (r)

@ CG
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Basic Model
To show the general concepts used in the analysis, we will consider a flat rigid plate supported at the four corners by
springs of known stiffness. This simple model will be expanded later to incorporate other suspension components.

Equilibrium 2
Consider only the effects of vertical loads (parallel to the Z-axis) |
>F. =0 [1] PL+P,+P3+Py =Wy

ZMX =0 [2] Pltl — P2t2 + P3t3 — P4t4 = WTyT

ZMy =0 [3] P1|1+P2|2 —P3|3—P4|4 =WTXT

Spring Behaviour (Hooke’s Law)
Assume linear elastic springs with known spring rate.

[4] R =kqd;
[5] R =kad,
[6] F3 =kads

[7] Fa=kydy

where
F = Spring force, Ib
d = Spring deflection (+ in compression), inches
k = Spring rate, Ib/in

Spring preload

Sometimes it is necessary to adjust the springs to change the ride or the wheel load. This change in spring length
must be taken into account in the spring behaviour calculations and equations [4] through [7] now look as follows:

[4] R =ky(dy +Dy)
[5] F, =ka(d2 +D5)
[6] F3 =ks(d3+D3)
[7] Fa =kg(dg +Dy)
where D is the amount of pre-load in inches.

In order to have an homogeneous system of linear equations in variables P (wheel loads) and d (spring deflections),
we need to ‘convert’ spring loads to wheel loads using the concept of Motion Ratio.

Motion Ratio
Race engineers use the concept of Motion Ratio to relate spring deflection to wheel motion.
Spring displacementd =m V - or - wheel motionV=d/m

The same motion ratio relates wheel load to spring force.
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Wheel Load P =m F - or - Spring force F=P/m
Combining these equations with Hooke's Law of spring behavior gives
WheelloadP=mF=mkd=mkmV=m2kV
If we define the wheel rate K as m? k then P = K V
Actual motion ratios require an involved 3D analysis beyond the scope of the concepts presented here. The reader is
referred to the computer program WinGeo3 by Wm.C. Mitchell to obtain accurate values of motion ratios, m, for

given car suspension configurations.

In addition to the load passed by the spring to the wheel (mF), we must also consider the weight of the wheel
assembly (wy;) and add it to this load to determine the total load on the wheel (P). Equations [4] to [7] become

[4] P1=KiVi+ mikiDs + wy
[5] P2 = KaV2 + makaD2 + Wz
[6] Ps = K3V3+ m3ksDs + Wys
[7] Ps = K4Va + MakaDs + Wes

Wheel Radius Change, Rc

A change in the wheel radius (Rc) can be considered to be a prescribed vertical displacement at the contact patch
(Rci). This is passed on to the spring, through the motion ratio, with a resultant change on the wheel load. Equations
[4] through [7] now look like this:

[4] P1 = K1 (V1+Rc1) + mikiD1 + wyr
[5] P2 = Ko (V2+Rc2) + makaDa2 + Wy
[6] Ps = K3 (V3+Rc3) + mskaDs + wys

[7] Pa = Kg(VatRca) + maksDat Wug

Compatibility of Deformations
Equations [1] through [7] involve 8 unknowns: 4 wheel loads (P) and 4 wheel motions (V). We need an eighth
equation and to find it we assume that all four wheel motions lie on a plane.

From principles of analytic geometry we know that we only need three arbitrary points in space to define a plane. A
fourth point, in the same plane, must obey certain compliance or compatibility conditions. Here the math gets a bit
more involved but with knowledge of basic linear algebra, it is possible to arrive at a general formulation for the
equation of the plane containing all four wheel motions. The equation of the plane is an analytical relationship
between the three co-ordinates (x, y and z) of a point on the plane itself and can be used to calculate the elevation of
a point (z) if we know its position (x and y) in a plan view.

We determine the equation of the plane using the location (x,y) and vertical displacement (z = V) of the wheel
motions. We then use the equation of the plane with the co-ordinates of wheel motions (x; and y;) to find the vertical
displacement of the chassis (z) at those points we have chosen to measure the ride. The following assumptions form
the basis for the analysis:

(@) Rigid chassis

(b) All four wheel motions lie on a plane
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(c) Ride change at arbitrary points is calculated at the projection of these ride points onto the plane containing
the wheel motions.

Linear algebra tells us that the four wheel motions (a point at the contact patch) are on a plane if the determinant
shown below is equal to zero.

Xy yi Vi

X, =Y, V, ~0
— X3 Y3 Vs
X, —Y, V4

Solving for this condition, in terms of wheel motions V1, V2, V3, V4, we obtain the compatibility equation [8] for the
general case of an asymmetric chassis.

[8] CiVi+CaV2+C3V3+Cs V=0
where
C1=(—Xs+Xa) Y2+ (X2 + Xa) Y3 + (X2 + X3) Y4
Co=(Xa—X3) Y1 — (X1 + Xa) Y3 — (X1 + X3) Ya
C3=—(X2 + Xq) Y1 — (X1 + Xg) Y2 — (X1 + X2)Y4

Ca= (X2 +Xa) Y1 + (X1 + X3) Y2 + (X1 — X2) Y3

Constants Cy, Cy, Cs, Cy4, are called the ‘Compatibility Coefficients’ and for a symmetric chassis
C1 =-C, = -Cs = C4. Equation [8] then becomes

Vi—-V2-V3+V4=0

Ride

Ride is measured from the ground to convenient, albeit arbitrary, points on the rigid chassis. These measurements
are taken at points not directly coinciding with the position of the wheels. However, the assumption of a rigid
chassis makes it possible to determine the ride change at these points if we know the wheel motion at each corner.
The procedure consists of using the calculated wheel motion (V1, V2, Vs and V,) to derive the equation of the plane
of the wheel motions. We then substitute the co-ordinates of the points where we wish to find the ride change in the
equation of the plane to calculate ride changes.
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Vertical Motion analysis

Calculated wheel loads are used to check compliance with target values of wedge and bias. Calculated wheel
motions are used to determine motion components of the ride such as squat, pitch and roll. We assume the chassis to
be a rigid body and that the four wheel motions are contained in a plane. If we establish the equation of this plane
we can find the elevation of any point on the plane if we know its relative position (x and y co-ordinates) as seen on
a plan view of the chassis.

Equation of the Plane
The plane containing the four wheel motions has an equation of the form:

AAx+BBy+CCz+DD=0

To determine coefficients AA, BB, CC and DD we use the co-ordinates of any three points on the plane and solve
for the determinant shown below:

X=X Y=Y Z-Z
Xo=X; Yo—Y1 Z;-2|=0
Xz3—=X1 Ys—Y1 Z3—7
We can use any three of the four wheel motions. For the analysis we will use wheel motions (1) and (2) and, to be

able to incorporate information from all four corners, a mid-point, C, located between wheel motions (3) and (4) will
be our third point used to define the plane.

To determine the motion of the chassis (squat, pitch and roll), we use the vertical change at the origin for squat. To
determine the pitch, we use the angle with the horizontal of a line from the origin forward. To determine the roll, we
use the angle with the horizontal of a line from the origin sideways.
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The equation of the plane containing the four wheel motions will help us determine the elevation (co-ordinate z) of
any point of known position (x,y) in that plane. Using the equation of this plane and the co-ordinates of ride points,

we can calculate the change in elevation of these ride points. We calculate the chassis motion components squat,
pitch and roll using the co-ordinates and elevations of midpoints A, B, C and D.

The co-ordinates of midpoints A, B, C and D are calculated as weighted averages between spring points.

With this information, we can determine the equation of the plane containing spring points 1 and 2 as well as
midpoint C. The governing equation becomes (note the use of — y2 in place of y2 since the Y axis is along the

center)

Note that this condition incorporates information from all wheel motions because, in the last row, we use the co-
ordinates of midpoint C (Xc, Yc and zc) which have information from wheel motions (3) and (4). Solving this

Mid-Point Co-ordinates

A B C D
X Y1X2 +¥YoXg Y3Xq +YaX3
Yi+Ys 0 Cvatya 0
y _XoY4 +XqY2 X1Y3 + X3Y1
0 X5 +Xg 0 X1 + X3
z y1V2 + yZVl X2V4 + X4V2 y3V4 + y4V3 X1V3 + X3Vl
yl+y2 X2+X4 y3+y4 X1+X3

Note: x; and y; are the co-ordinates of tire contact points and V; are the vertical wheel movements

X=X Y-y,
X,=X —Y,— %
Xe =X Ye V1

z-V,
V, -V,|=0
Zc _V1

determinant we get an equation in terms of x, y and z. Collecting terms we find the coefficients of these variables to

be:

AA =y, Vo +yo Vi+ye (V1= Va) —zc(y1 + Y2)

BB = — X1V + X2V1 — X¢ (V1— Vz) + Zc(Xl — Xz)

CC = — X1y2 — Xay1 + Xc (Y1 + Y2) + Yc(X2 — X1)

DD = Xc¢ (-y1V2 — Y2V1) + yc (X1V2 — X2 V1) + Z¢ (Y1 X2 + Y2 X1)

The equation of the plane is AAx + BBy + CCz+ DD =0

Dynamics
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Chassis Motion Components
With known wheel motions V1, V2, V3 and V4, determined from an equilibrium analysis, we can calculate the rigid
body motions (squat, pitch and roll) of the chassis with reference to the origin and midpoints A and B.

Rear

7 Front

Squat.
To evaluate the overall vertical motion, we will consider the change in vertical co-ordinate of the origin (Vo). To
determine this, we plug in the x and y co-ordinates of the origin into the equation of the plane and find the third co-
ordinate (2).

Squat = Change in z-co-ordinate of the origin = Vo

Co-ordinates of the origin:

x=0, y=0 2=V
Equation of the plane:

AA (0) + BB (0) + CC (Vo) -DD =0

Solving for Vg
_ —-DD-AA(0)-BB(0) +DD
CcC CcC

V, - Squat
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Pitch
In general terms, pitch is the vertical angle in the direction of motion of the car, described by the vehicle as its nose

goes up or down. To evaluate the pitch, we use the vertical angle between a line from the origin to point A in the
front of the car and a horizontal line parallel to the X-axis. For small deformations, this angle, expressed in radians,
is calculated as the ratio of the difference in elevation between mid-point A and the origin divided by the

x—co-ordinate of point A (Xa).

XA : Xc c: Rear

Roll
Roll is the vertical angle, in a direction perpendicular to the motion of the car, described by the vehicle as one side

edge goes up and the other side edge goes down when the chassis rotates about the X-axis. To evaluate roll, we use
the vertical angle between a line from the origin to point B on the right side of the car and a horizontal line parallel
to the Y-axis. For small deformations this angle, expressed in radians, is calculated as the ratio of the difference in

elevation between midpoint B and the origin, divided by the y —co-ordinate of point B (ys).

Vo : :
Xp : XB B: Left

Right AD i :
—

Ride
The change in ride for an arbitrary point of known position (x:, yr) is the vertical co-ordinate (z;) of that point. To
determine the ride change at a point, we plug the x and y co-ordinates of this point into the equation of the plane to

obtain the z-co-ordinate (ride change).

_ DD+ AAX, +BBY,
cC

ride change=z, =

While the points used to measure ride (ride points) are not actually in the same plane as the wheel points, they are
part of the same rigid body and the change in elevation of these ride points would be the same as the change in
elevation of their projection on the plane of the wheel points given by their x and y co-ordinates.

DD+ AAX,, +BBY,  __DD+AAx,-BBy,

.=

rl CC r2 CC
, __DD-AAx,+BBy, __ DD-AAx,—BBy,
r3 = CC r4 — CC
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Base Case (W)

We will now proceed to determine wheel loads and wheel motions for a car at rest, under the action of its own
weight. Under these conditions, we will consider only the effect of springs. The eight equations presented to
describe equilibrium, wheel load and compatibility of travel can now be written as follows:

[1]1 P +Py+P3+Py =Wy h
[2] Pty —Poty +Psty —Pgty = Wryr - Equilibrium
[3] P1|1+P2|2 —P3|3—P4|4 =WTXT

w,
[4] P1 = K1 (V1+Rc1) + mikiD1 + Wyt A
[5] P2 = Ko (V2+Rc2) + makaDa2 + Wy

> Wheel Load

[6] P3s = K3 (V3+Rc3) + msksDs + wys
[7] Pa = Kq(VatRca) + MakaDat+ Wug y
[8] CiV1+CoVo+C3V3+Cs V=0 } Compatibility

where

Pi = Wheel loads

W+ = Total weight

wyj = Unsprung weight (wheel assembly)

Vi = wheel motion

Di = Spring Preload

Rci = Change in tire radius

ti, i > Half-track and half-wheel base — Same as Xx;, yiaccept for sign

xT, Yyt = CG co-ordinates accept for sign

m;, ki > Motion ratio and spring rate

Ci > Compatibility coefficients
Ci=(—X3+Xq) Y2 + (X2 + Xa) Y3 + (X2 + X3) Ya
Co=(Xa—X3) Y1 — (X1 + Xa) Y3 — (X1 + X3) Y4
Cs=—(X2+ Xa) Y1 — (X + Xa) Y2 — (—X1 + X2)Y4
Ca=(X2+X3) Y1+ (X1 + X3) Y2 + (X1 — X2) Y3

Xi, Y1 2 Wheel location co-ordinates
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System Equations (W)
The system of equations used to carry out the analysis is:

[1] PL+Py +P3+Py =Wy

[2] Pity =Pty +Psty —Paty = Wryy

[3] Pihy +Poly —P3lg —Pyly = Wrxy

[4] P1— K1 V1 =mikK; (D1 + miRer) + Wi
[5] P2 — K2V2 = makz (D2 + m2Rc2) + Wut
[6] P3 — KsV3 = msks (D3 + m3sRcs) + Wi
[71  Pa—KaVa=make (Ds + MiRca) + War
[8]  CiVi+CsVo+CsVa+CaVaz=0

Ci = Compatibility Coefficients

Matrix Formulation
This system of 8 equations and 8 unknowns, four wheel loads and four wheel motions can be written in matrix
form:
AX=B
Where
A = Matrix of coefficients for variables P1, P2, Ps, P4, V1, V2, V3, and V. in equations [1] through [8]
X = Vector containing variables P1, P2, P3, P4, V1, V2, V3, and V4

B = Vector containing constant coefficients on the right hand side of equations [1] through [8]

The system can be written in matrix form, as follows

11 1 1 o0 0 0 0 |[P B,
t -t, t, -t 0 0 0 0 [|R| |B,
, 1, -, -, 0o 0 0 o0 ||r]| |B,
EE 0 0 0 -K, 0 o0 o ||lp] |B,
O E,L 0 0 0 -K, 0 0 []v[ ],
0o 0 E, 0 0 0 -K, 0 [|v,] |B,
0o 0 0 E, 0O 0 0 -K/||v| |8,
0 0 0 0 C C C C |\V. |B

where
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1 1 1 1 0 0 0 0
ty -t t3 —-t4 O 0 0 0
b I, -3 =l 0 0 0 0
E, 0 0 0 -K; O 0 0
A=
0 E, 0 0 0 -K, O 0
0 0 E3 0 O 0 -Kz3 O
0 0 0 E4 O 0 0 -Ky4
10 0 0 0 C Cp, C3 C4 |
Ei=1 fori=1...4
Ki = mi k; fori=1...4

Ci=(—X3+ Xg) Y2+ (X2 + Xa) Y3 + (X2 + X3) Ya
Co=(Xa—X3) Y1 — (X1 + Xa) Y3 — (X1 + X3) Ya
Ca=—(X2 + Xa) Y1 — (X1 + Xa) Y2 — (—X1 + X2)ya

Ca=(X2+ X3) Y1+ (Xa + X3) Yo+ (X1 — X2) Y3

B
P, 1
P, B2
P, Bs
P B
X =44 and Bl *
2 Bs
VZ BG
V, B,
V
4 Bg
and
Bl = WT
B2 =Wryr
B3 = WT XT

Bs = mik; (D1 + miRc1) + Wi
Bs = makz (D2 + m2Rc2) + Wz
Bs = msks (D3 + m3Rcs) + Wys
B7 = mqks (D4 + MsRes) + Wus
Bs=0
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Solution
X=A1lB

The inverse of matrix A, shown above as A~* and the matrix multiplication are implemented in an Excel spreadsheet
to evaluate the wheel loads P;, P,, Pz and P, and the wheel motion V1, V2, V3 and V.. With known wheel motion
and established geometry (track and wheelbase), we can calculate the co-ordinates of midpoints between corners and
the coefficients of the equation of the plane containing these points. With the equation of the plane and known co-
ordinates of ride points, we can then calculate ride changes. Chassis motion components (squat, pitch and roll) are
calculated using midpoint co-ordinates and deflections.

Initial Set up

When a car is first assembled, it will not exhibit the desired performance characteristics of bias, wedge and ride. To
meet target values of these parameters, there are a number of procedures to be followed. First, while the car is placed
on scale pads to measure wheel loads, weights are added or repositioned at different locations until the right values
for left and rear bias are achieved. At this stage, the wedge will probably have not achieved its target value, but this

will be resolved later by adjusting spring preloads. We can then calculate spring deformation from d._ = m;V;

The important thing to remember is that with the present geometry (track, wheel base, spring rates, motion ratios)
and configuration of wheel loads, left and rear bias, we have established the location of the centre of gravity (CG) of
the car which will be used in future calculations. The co-ordinates of the CG are now calculated using known values
of wheel loads, track and wheel base. Knowing the location of the CG for the car as a whole and the location of the
CG for the unsprung weight, we can now determine the location of the CG for the sprung weight.

The base case model developed here can be used to simulate the adjustment of spring preloads to achieve desired
values for the wedge.
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Base Case (Wr, T., Tr, Banking)

Introduction

In the previous case, we considered only the vertical force W when calculating wheel loads and spring
deformations. We will now add inertial forces induced by turning left or right, T, and Tg, and incorporate the effects
of road banking through an angle o. Turning forces are measured in g’s, that is, in units of total weight, Wr. They
tend to make the car overturn in a sense opposite to the sense of the turn, that is, a car turning left tends to overturn
to the right. Banking of the road affects both vertical and horizontal forces on the wheel loads because it induces a
horizontal component to vertical forces like W+t and a vertical component to the horizontal turning forces, T, or Tr.
At this stage, we still assume that only the springs are acting, ignoring the effects of other suspension components.

Left Turn and Bank

Banking of the road when turning helps maintain stability and affects the distribution of load to each wheel. For this
case, we will write equations of equilibrium, spring behaviour and compatibility of deformations incorporating the
effect of left or right turn, when the road banks through an angle a.

Left Turn. Front View

Y
Z
Fz
< XT >
—Q

(1) LF T
X v

< 1,12

Pu P2 |

Left Turn. Side View
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As shown, the system rotates through the bank angle, o, maintaining the orientation of the reference co-ordinate
system. Now the vertical load W+ has components in the direction of the Z—axis and in the direction of the Y—axis.
The turning force T, also has components in the direction of both reference axes. Wheel loads P; remain
perpendicular to the road surface and in the direction of the Z-axis. To simplify the writing of the equilibrium
equations, we will combine the components of Wt and Ty in the direction of the Y and Z axes as shown below.
Fy = Wt Sina - T Cos a
Fz= WrCosa+ TLSina

We will now proceed to write the equations of equilibrium, suspension component behaviour and compatibility of
spring deformations.

Equilibrium

Pi1+Py+P3+Ps=Fz

[1] Pi+Py+P3s+Py;=WrCosa+TLSina

o

™
<
X
I
o

Pity — Pato + Patzs — Pats = Fy zr — Fz yt

[2] Pity — Paty + Psts — Pata = (W+ Sin o — T Cos a) zr — (Wt Cos o + T Sin o) yr

™

MY=

o

Pily + Paly — P3ls — Pyls = Fz Xt

[3] Pili + Paly — Psls — Pyly = (WT Cos o+ T Sin OL) X1

where

Pi  Wheel loads
Wr Total weight
Fv Resultant force in the Y—direction
Fz Resultant force in the Z—direction
T, Left turn inertial force
ti  Half track
li Half wheelbase
Xt, Y1, zr  CG co-ordinates
o Bankangle
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Right Turn and Bank

Equilibrium

o

[1]

[3]

P1, P3

./dj e Right Turn. Front View

Fy=-WsSina + Tr Cos a

Fz= Wt Cosa + TrSina

Pi+Py+P3+Ps=Fz

Py + Py + P3+Pys=Wr Cos o + Tr Sin a

Piti — Pato + Pats - Psts = Fy zr + Fz yr

Pits — Paty + Psts — Psta = —(Wr Sin a. — Tr Cos a) zr + (W Cos a. + Tr Sin a) yt
Pili + Palo — P3ls — Pals = Fz Xt

Pili + Paly — Pslz — Pals = (WT Cos a + Tr Sin OL) XT

Component Behaviour and Compatibility
For this case, we use the same relationships developed before and reported as Equations [4] through [8]

Dynamics
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Simplified Equations (W, Bank)
Since the inertial forces T, and Tr can not occur simultaneously, we can use the same equilibrium equations for both
cases if we write them in the following form:

[1] P1+ P+ P3+Ps=WgCosa+ (T +Tg)Sina

[2]  Piti— Psty + Pats — Pats = [-R] {(Wr Sin ot — (T, + Tr) C0S o0) z1 — (Wi Cos o + (T, + Tg) Sin ) yr}
[3]  Puli+ Pols— Pl — Pals = (Wr Cos o + (To+ Tr) Sin o) xr

[4] P1 — KiV1 =miks (D1 + miRc1) + Wyt

[5] P2 — K2V2 = mkz (D2 + m2Rc2) + Wut

[6] Ps — K3V3 = mzks (D3 + maRe3) + W

[71  Pa—KaVa=make (Ds + MiRca) + War

[8]  CiVi+CyVo+CsVs+CaVe=0

where
[-R] = Negative sign for Right turn

Ci = Compatibility coefficients

Xi,Yi = Wheel location co-ordinates

Matrix Formulation
As shown previously, this system of 8 equations and 8 unknowns, four wheel loads and four spring deformations,
can be written in matrix form, A X = B, with

(1 1 1 1 o0 0 0 0 |
ty -t t3 —-t4 O 0 0 0
b I, -3 =l 0 0 0 0
E, 0 0 0 -K; O 0 0
A:
0 E, 0 O 0 -K, 0 0
0 0 E3 O 0 0 -Kz O
0 0 0 E4 O 0 0 -Kyu
10 0 0 0 C Cp, C3 C4 |
where
Ei=1 fori=1...4
Ki = mi ki fori=1...4

Ci = Compatibility Coefficients
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where

B1=WrCosa+ (TL+ Tgr) Sin a

B2 = [-R] {(Wr Sin o — (TL + Tr) Cos ) zr — (Wt Cos o + (TL + Tr) Sin o) y7}
Bs= (Wt Cos a+ (TL + Tr) Sin o) Xt

Ba = miky (D1 + miRc1) + Wus

Bs = mzkz (D2 + m2Rc2) + Wz

Bs = msks (D3 + m3Rcs) + Wys

B7 = maks (Ds + MaRca) + Wya

Bs=0

[-R] = Use negative sign for right turn.

Solving this system of equations, X = A~! B, results in 4 wheel loads and 4 wheel motions. The wheel loads are used
to calculate left, rear and wedge bias (B, Br, Bw). The wheel motions are used to determine the equation for the
plane of the wheel locations, which, in turn, is used to determine ride changes at the ride points. Wheel motions are
also used to find vertical displacements at the spring midpoints, for a given geometry, and then to determine the
chassis motion components: squat, pitch and roll.
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Base Case (Acceleration and Braking)

Introduction

In the previous cases, we considered vertical load W+ and lateral inertial forces, T and Tg, induced by turning when
calculating wheel loads and wheel mations. We now consider the action of longitudinal inertial forces induced by
acceleration and braking in the direction of motion.

Acceleration and Braking

Like turning forces, acceleration and braking forces are measured in g’s, that is, in units of total weight, Wr.
Acceleration tends to make the nose of the car go up and the rear of the car go down, reducing the wheel loads at the
front and increasing the wheel loads at the rear. Braking has the opposite effect. Both acceleration and braking
forces are horizontal, parallel to the X—axis and are assumed to be applied at the CG. As for the previous case, we
assume that only the springs are present, ignoring the effects of the other suspension components at this stage.

The figures below show the location of acceleration, braking and wheel loads in plan and side views. This allows us
to see the location of these loads when writing the equations required for the analysis.

1€ I ! Iy |
P2' | P4
_____________________L _________________ —E”"’”M )
N | el
TR 7 M
| @-------- 2 S S Xe . @ | X
< g ! A
. | 1 U ~
[N : VS
i ! M
X Y - . . e L. v_
N T ! ';i ! I A
| 1 1 |
. ~— .
| >\: A O/ B :§‘|
il = =1
o 1 @y ® |5
e n 0 ~—
IR o< soson N | _Eﬁ,ﬁxﬁfﬁ] NV
[
Pll’ I, I3 ‘ipa
Y

Plan View (XY)
Acceleration, Braking and Wheel Loads
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| 7
(1) LF 27
(2) RF
X 4
3 X1, X2 ;
Ply PZ <€ |1’ |2 \=
Side View (X2)
Acceleration, Braking and Wheel Loads
Equilibrium
ZFz=0
[1] Pi+Py+P3+Ps=0
> Mx =0
[2] Pity — Paty + Patz — Pats = 0
> MY =0

[3] Pili + Paly — Psls — Pals = (B — A) z7

Component Behaviour and Compatibility
For this case, we use the same relationships developed before and reported as Equations [4] through [8]

Simplified Equations (A,B)

[1]  Pi+Po+Ps+Ps=0
[2]  Piti—Pst + Psts—Pata =0

[3]  Puli+Pols— Pols— Pels = (B — A) 21
[4] Py — KiV1 =mik: (D1 + miRc1) + Wyt
[5] P2 — K2Va = maks (D2 + maRe2) + Wyt
[6] P3 — KsV3 = msks (D3 + m3sRcs) + Wuy
[7] Ps — KaVa = maks (Ds + MaRca) + Wyr
[8] Cidi+Coda+C3d3+Csds=0
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Matrix Formulation

As shown previously, this system of 8 equations and 8 unknowns, four wheel loads and four spring deformations,
can be written in matrix form, A X = B, with

1 1 1 1 o0 0 0 0 |
ty —t, t3 -t O 0 0 0
b I, =l =1y O 0 0 0
E, 0O 0 0 -K; O 0 0
A —
0 E, 0 O 0 -K, 0 0
0 0 E3 O 0 0 -Kz O
0 0 0 E4 O 0 0 -K4
10 0 0 0 C Cp; C3 C4 |
where
Ei=1 fori=1...4
Ki:mizki fori=1...4
Ci = Compatibility coefficients
By
Pl
B
P, 2
P, B3
P B
X={"1 and B= 4
\4 Bs
V2 B6
V3 B,
V
4 B8
where
Bl =0
Bz =0
Bs = (B—A) T

Bs = mik; (D1 + miRc1) + Wi
Bs = myky (D2 + maRc2) + Wy
Bs = msks (D3 + m3Rcs) + Wus
B7 = mqks (D4 + MsRes) + Wua

Bs=0
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Solving this system of equations, X = A B, results in 4 wheel loads and 4 wheel motions. The wheel loads
determined here are added to those calculated for the previous case and the total is used to calculate left, rear and
wedge bias (BL, Br, Bw). The wheel motions calculated here are also added to those determined for the previous
case and used to determine the equation for the plane of the wheel locations, which, in turn, is used to determine ride
changes at the ride points. Total wheel motions, from lateral and longitudinal inertial forces are used to find vertical
displacements at the spring midpoints, for a given geometry, and then to determine the chassis motion components:
squat, pitch and roll.
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Base Case (Other Loads and Suspension Components)

Introduction

Thus far, we have considered the effects of the vertical force Wr, turning forces T, and Tg, road banking through an
angle a, acceleration force A and braking force B, when calculating wheel loads and spring deformations. We will
now consider the effect of other loads such as:

Ballast
Driver

Fuel
Aerodynamic

Ballast is added to the car when we need to adjust the location of the CG. Driver weight adds to the mass of the car
and often changes during a race. Fuel weight also changes during the race and so does its CG. Aerodynamic forces
change with velocity and other geometric parameters.

CG
Load X Y | Z
Ballast | Ba | Xs |VYs | Zs
Driver Dr [Xo |Vp | Zp
Fuel Fu [Xe |Vr | zZF
Aero Ae | Xa | YA | Za

As for the previous cases, we assume that only the springs act as suspension components, ignoring the effects of the
other elements. All these are vertical loads and can be treated in a similar way as when we analyzed the effect of the
weight, Wr. For this reason, we need to know their magnitude and location co-ordinates for their own CG.

Left Bank
Banking of the road introduces components of these forces in the Y and Z directions. Aerodynamic loads act normal
to the track surface.

Left Bank. Front View
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Equilibrium

[1]

Dynamics

Fz
< XT >

s ————

@
(1) LF zr
@
X v
PLP: | lulz

Side View (X2)

Fvy = (Ba+ Dr + Fu) Sin a

Fz= (Ba+ Dr+ Fu) Cos a + Ae

Pi+Py+P3+Ps=Fz

P1+ P+ P3+Ps=(Ba+ Dr+Fu) Cos a + Ae

Pity — Poto + Pats —Psts =Fyz—Fzy

Pity — Pty + Ptz — Pats =
(Bazg + Drzp+ Fuzg) Sina — (Bays + Dryp + Fuyg) Cos a + Ae ya

Pily + Paly — Psls — Pyls = Fz Xt

Pily + Poly — Palz — Pals = (Ba Xg + Dr xp + Fu XF) Cos o + Ae Xa
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Right Bank

Equilibrium

o

[1]

[3]

Right Bank. Front View

Fy =—(Ba + Dr + Fu) Sin a

Fz= (Ba+ Dr+ Fu) Cos a + Ae

Pi+Py+P3s+Ps=Fz

P1+ P+ P3+Ps=(Ba+ Dr+Fu) Cos a + Ae

Pty — Pato + Pats — Pats = Fy zr + Fz yr

Pit; — Poty + Psts — Pats = —(Ba zg + Dr zp + Fu z¢) Sin o + (Ba ys + Dr yp + Fu yg) Cos a. + Ae ya
Pily + Paly — Palz — Pals = Fz X7

Pi1ly + Paly — P3ls — Pals = (Ba Xg + Dr xp + Fu Xg) Cos o + Ae Xa

Component Behaviour and Compatibility
Use the same relationships developed before.

Simplified Equations (Other Loads, Banking)
Considering both left and right banking

[1]
2]

[3]

Dynamics

Py + P, +P3+P,=(Ba+ Dr + Fu) Cos o + Ae

Pit; — Pty + Pats — Paty =
[-RI{(Ba zg + Dr zp + Fu zg) Sin a. —(Ba ys + Dryp + Fu yg) Cos o + Ae ya }

P1l1 + Paly — Psls — Puls = (Ba Xg + Dr Xp + Fu x¢) Cos o + Ae Xa
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[4] P1 — KiV1 =miks (D1 + miRc1) + Wyt
[5] P2 — K2V2 = mzkz (D2 + M2Rc2) + Wut
[6] Ps — K3V3 = mgks (D3 + m3Rc3) + Wyr
[7]  Pa—KaVa= mike (Da + MaRce) + Wor
[8]  CiVi+CyVo+CsVs+CaVe=0

where
[-R] = Negative sign for Right turn

Ci = Compatibility coefficients

Matrix Formulation
As shown previously, this system of 8 equations and 8 unknowns, four wheel loads and four spring deformations,
can be written in matrix form, A X = B, with

1 1 1 1 0 0 0 0
tp —t, t3 -t O 0 0 0
L 1, =l -1y O 0 0 0
E, O 0 0 -K; O 0 0
A:
0 E, O 0 0 -K, 0 0
0 0 Ez O 0 0 -Kz ©
0 O 0 E4 0 0 0 -Ky4
| 0 O 0 0 C C, C3 (4 ]
where
Ei=1 fori=1...4
Ki = mi k; fori=1...4

Ci = Compatibility coefficients

B
P, 1
P, B,
P, B3
P B
X={"1 and B= 4
\ Bs
V2 B6
V, B,
V

S
vy)
e
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where

B = (Ba+ Dr + Fu) Cos o + Ae

B2 =[-R]{(Bazs + Drzp + Fu zf) Sina —(Bays + Dryp + Fu yg) Cos a. + Ae ya }
Bz = (Baxg + Dr xp + Fu xg) Cos a + Ae Xa

B4 = mik; (D1 + miRc1) + Wy

Bs = mzkz (D2 + maRc2) + Wiz

Be = msks (Ds + msRcs) + Wus

B7 = m4Ks (Da + MaRca) + Wia

Bs=0

[-R] = Use negative sign for a right turn

Solving this system of equations, X = A~! B, results in 4 wheel loads and 4 wheel motions. The wheel loads are used
to calculate left, rear and wedge bias (B, Br, Bw). The wheel motions are used to determine the equation for the
plane of the wheel locations, which, in turn, is used to determine ride changes at the ride points. Wheel motions are
also used to find vertical displacements at the wheel midpoints, for a given geometry, and then to determine the
chassis motion components: squat, pitch and roll.

Other Suspension Components

Equations [4] through [7] previously derived for a suspension system consisting of springs alone can now be
expanded to include roll bars and shocks. A similar procedure as that used for springs can be developed if roll bars
and dampers are present, with due consideration to their geometric and material behaviour characteristics. A general
formulation incorporating springs, roll bars and dampers is given below:

P=mF+mgrFr+msFstw,

where
F = Spring force m = Spring motion ratio
Fr = Roll bar force  mg = Roll bar motion ratio
Fs = Damper force ~ mg = Damper motion ratio
Roll Bar

The roll bar is a mechanism used to reduce lateral rotation (roll) of the chassis under the action of loads induced by a
turn or other asymmetrical loads. It is a simple mechanism but its static analysis is definitely not trivial. The roll bar
is engaged whenever there is unequal movement of the blades, whatever the source.
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The longitudinal, roll-inducing, torque (M) might be the result of a turn or of an eccentric vertical load, such as the
weight of the chassis when the ys co-ordinate of its centre of gravity is not zero. The reaction force at the tip of the
blade, Fg, is calculated using the roll bar rate (kg) and the combined deformation at both ends (dr1, drz).

Fr = Kr (dr1 — dr2) = kr dr

The roll bar acts as a pair of special springs with a common spring rate (kr) that, in order to be effective, must act in
the opposite sense. That is, when one goes up, the other must go down. When a symmetric car pitches, both ends of
the blade travel in the same sense, up or down, and their difference dr1 — dr2 = 0, S0 that the reactive force Fr = 0.
There is also a compatibility restriction on the amount of ‘travel” at the end of each blade and these deformations
must comply with the overall behaviour of the rigid chassis and that of the other flexible suspension components.

Other asymmetric deformations, such as preload (Dr) and a radius change (Rc), imposed on the system may induce
a torque and engage the roll bar. The roll bar preload (D) is applied directly to the blade but the radius change (Rc)
occurs at the wheel and must be ‘converted’ to blade-tip deformation using the motion ratio (mg). The general
formulation for the roll bar is given by

Fr = kr( dr + Dr + mrRc)
And the effect of this force on the wheel load is

mrFr = MrKr( dr + Dr + MrRC)
Shocks
Shocks, or dampers, are visco-elastic suspension components and their behaviour depends on the applied rate of
deformation. While the force on an elastic component, like a spring, depends on the applied deformation, the force
on a visco-elastic component, like a damper, depends on the velocity of the applied deformation. The calculation of
the velocity of the chassis in the direction of the shock is out of the scope of the analysis at this stage and damper
forces will be assumed to be known. The total force on the damper may include a preload.

Fs=1fs+ fsp
The effect of this force on the wheel load is

msFs = ms (fs + fsp)

A General Formulation
The general equation for suspension component behaviour becomes:

P =mk (d + D + mRc) + mgKkr (dr + Dr + MgrRc) + ms (fs + fsp) + Wy

The solution of the system of 8 equations and 8 unknowns, when written in matrix form, requires that the equations
be written with all unknown variables on the left and all known coefficients on the right hand side of the equal sign.
We also replace the spring deformation d with the wheel motion variable V, which is one of the 9 unknowns, and we
use K in place of m?k. Rearranging terms and collecting similar coefficients:

P =mkd + mk(D + ch) + mrkrdg + mRkR(DR + mRRc) + Ms (fs + fsp) + Wy
P =mkmV + mk(D + mR¢) + mgrkrdr + Mrkr(Dr + MrRc) + Mg (fs + fsp) + Wy
P =KV + mk(D + ch) + mrkrdgr + mRkR(DR + mRRc) + Ms (fs + fsp) + W,y

P - KV = mk(D + mRc) + mgkrdr + Mrkr(Dr + MrRc) + ms (fs + fsp) + wy
P - KV — mrkrdr = mk(D + mR¢) + mrkr(Dr + mrRc) + ms (fs + fsp) + wy

We now have all of the unknowns on the left side and all known values on the right side of the equation.
This last equation, with appropriate subscripts, can now be written for each corner.
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[4] P1 — KiV1 — Mrikridrr = Miks (D1 + MiRc1) + Mrikgri (Dr1 + Mr1Rc1) + Msi(fsa + fspr) + Wyt

[5] P2 — KoaV2 — MroKrodrz = MaKz (D2 + M2Rc2) + MroKre (Dr2 + Mr2Re2) + Msa(fso + fspo) + Wiz
[6] P3 — K3V3 — Mrskradrs = M3ks (D3 + M3Rc3) + Mrskrs (Dr3 + MrsRcs) + Msa(fss + fsps) + Wys
[7] Ps— K4V — MraKradra = Maks (Ds + MaRcs) + MRrakra (Dra + MraRcs) + Msa(fsq + fspa) + Wug

Roll bar displacements dr1, drz, drs, dra are not independent. First, at the front end, dr: and dr. are combined to
determine the total roll bar distortion dre = dr1 — dro. At the rear end, drs and drs are combined to determine the
total roll bar distortion drr = drs — dra. Furthermore, since the chassis is a rigid body the amount of roll at the front
must be equal to that at the rear and drr = drr = dr. Also, each roll bar has its own stiffness, so we need only two
roll bar rates, namely krr for the front and krr fore the rear suspension. Equations [4] through [7] are now rewritten:

[4] P1 — KiVi — mMrikredr = miks (D1 + MiRc1) + MriKgre (Dri + MriRc1) + Msi(fst + fspr) + Wur
[5] P2 — KaV2 + MroKredr = M2Kz (D2 + M2Rc2) + MroKrr (Dr2 + Mr2Rc2) + Msa(fsz + fspz) + Wz
[6] Ps — K3V3 — Mr3krrdr = M3ks (D3 + M3Rc3) + Mr3krr (Dr3 + Mr3Rcs) + Msa(fss + fsps) + Wys
[7] Pa— KgVa + Mrakrrdr = MaKg (D4 + MaRcs) + MraKrr (Dra + MraRca) + Msa(fsa + fspa) + Wus

The four rates kg1, Krz, Krs, Kra, are now represented by two: krr and kgrg. The four displacements dr1, drz, drs, dra,
are now represented by one: dr. Notice the sign change for the third term in equations [5] and [7]. It reflects the fact
that the roll bar is engaged only when the tip of the two blades move in the opposite sense.

We have now one more variable, dg, and we need one more equation. This extra equation is to be derived from a
condition of compatibility between roll bar deflections and wheel motion.

Roll r:V1_V2 de_dRZ _ dRF

VitYs Vet Ve Yet Yeo
[9] Vi—-V;-Gdr=0

where
G=_Y1tY2
YR1t+YR2

Equations [4] to [7] now include an extra variable (dr) and we need to add Equation [9] to our model.
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Base Case (All Loads, Banking)

Introduction

Thus far, we have considered separately the effects of the vertical force W, turning forces T, and Tk, road banking
through an angle o, acceleration force A, braking force B and other loads such as Ballast, Driver, Fuel and
Aerodynamic. We now will bring all these loads together and write the equations describing the system. At this
stage all loads are present, the magnitude and location of the CGs for all loads are known, the geometry (track and
wheel base) is set and all types of suspension components are included in the model.

[1]
[2]

[3]

[4]
[5]
[6]
[7]
[8]
[9]

Model Equations

P1+P2+P3+Ps=WrCosa+ (T, + Tr) Sina + (Ba + Dr + Fu) Cos a + Ae
Pty — Paty + Psts — Pats = [-R]{(W+ Sin o — (T + Tr) Cos o) zt — (W Cos a. + (T + Tr) Sin o))yt
+(Bazg + Drzp + Fu zr + Ae za) Sin . —(Ba ys + Dryp + Fu yg) Cos a + Ae ya}
Puly + Paly — Palg — Pala = (W Cos a + (T, + T) Sin a) xr
+ (B-A) zr + (Ba xg + Dr xp + Fu xg) Cos a + Ae Xa
P1 — KiVi — mMrikredr = miks (D1 + MiRc1) + MriKgrr (Dri + MriRc1) + Msi(fst + fspr) + Wur
P2 — KaV2 + MroKredr = M2Kz (D2 + M2Rc2) + MroKrr (Drz2 + Mr2Rc2) + Msa(fsz + fspz) + Wz
P3s — K3V3 — Mr3krrdr = M3ks (D3 + M3Rc3) + Mr3krr (Drz + Mr3Rcs) + Msa(fss + fsps) + Wys
Pa— KgVa + Mrakrrdr = MsKg (D4 + MaRcs) + Mrakrr (Dra + MraRca) + Msa(fss + fspa) + Wus
CiVi+CoVo+C3V3+CsVa=0
Vi-V2-Gdr=0

Matrix Formulation

As shown previously, this system of equations can be written in matrix form, A X = B, with

where

1 1 1 1 0 0 0 0 0
t, -t t -t 0 0 0 0 0
I, P e 0 0 0 0 0
E, O 0 0 -K; 0 0 0 Kg;
A=|0 E, 0 0 0 -K, 0 0 Kg,
0 0 E, 0 0 0 -K, 0 Kgs
0 0 0 E, 0 0 0 -K, Kg,
o o 0 0 C C, C C
0 0 0 0 1 -1 0 0 -G|
Ei=1 fori=1...4
Ki = mi ki fori=1...4

Kri = —Mrikre  Kr2 = Mr2Kre Krz = —Mrskrr  Kra = MraKrr
Ci = Compatibility coefficients
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G- Y1tY2

YR1tTYR2
P 5
P, B2
P, Bs
P, By
X =<V and B=1:Bs
Vv, Bg
V, B~
Vv, B
dg B,

where
B1 =W+ Cos a + (T + Tr) Sin a + (Ba + Dr + Fu) Cos a +Ae

B2 = [-R]{(Wr Sin oo — (TL + Tr) Cos ) zr — (Wt Cos a + (T + Tr) Sin o) yt
(Bazg + Drzp + Fu zg + Ae zp) Sin o —(Ba yg + Dr yp + Fu yg) Cos a + Ae ya}

Bs= (Wt Cos a + (T + Tg) Sin a) Xt + (B-A) zr + (Ba Xg + Dr xp + Fu Xg) Cos a. + Ae ya
Bs = mik1 (D1 + miRc1) + Mrikrr (Dr1 + MriRc1) + Msa(fs1 + fspr) + Wy

Bs = mzkz (D2 + mz2Rc2) + Mrokrr (Drz2 + Mr2Rc2) + Msa(fsz + fsp2) + Wiz

Be = m3ks (D3 + m3Rcs) + Mrskrr (Dr3 + Mr3Rcs) + Mss(fss + fsps) + Wus

B7 = mskg (D4 + M4Rcs) + MraKrr (Dra + MraRcs) + Msa(fsa + fspa) + Wus

Bg=0

By=0

[-R] = Use negative sign for right turn

Solving this system of equations, X = A™ B, results in 4 wheel loads, 4 spring deformations and one roll bar
distortion.

P1, P2, P3, P4, V1, V2, V3, V4, dr
The wheel loads are used to calculate left, rear and wedge bias (Bi, Br, Bw).

:P1+P3 BR:P3+P4

B_ 2773
Wy Wy Wy
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With known geometry (spring co-ordinates x and y), the wheel motions are used to determine the co-ordinates of
midpoints A, B, C and D.
Mid-Point Co-ordinates

A B C D
X Y1X2 +¥2X1 Y3X4 +YaX3
Y1+Y2 0 C Y3tya 0
y _XoY4+XaYo X1Y3 + X3Y1
0 Xo + Xy 0 X1+ X3
z YV, +Y,Vy XV + XV, AR AR XV + XV,
Yit+Y, Xy + X4 Yst+Y, X+ X3

Note: xj and y; are the co-ordinates of tire contact points and V; are the vertical wheel movements
These midpoint co-ordinates will be used to find the equation for the plane of the wheel locations.
AAx+BBy+CCz+DD=0

Where
AA=y1 Vo +y2 Vi+ye (Vi— V) —zc(y1+ Y2)

BB = — x1Va2 + X2V1 — Xc (V1— V2) + Z¢(X1 — X2)
CC = — X1y2 — Xay1 + Xc (Y1 + Y2) + Yc(X2 — X1)
DD = Xc (Y102 — y2d1) + Yc (X102 — X2 d1) + Zc (Y1 X2 + Y2 X1)

The equation of the plane is used to determine ride changes at the ride points. We substitute the co-ordinates X, and
y: for each ride point into the equation of the plane to find its change in elevation, z,.

DD - AAX, — BBy,
Zr = cC

Wheel Motions are also used to find vertical displacements at the wheel midpoints, da, dg, dc, dp, for a given
geometry, and then to determine the chassis motion components: squat, pitch and roll. First, we find the change in
ride for the origin (x =0 and y = 0).

do =29

_-DD-AA(0)-BB(0) DD
cc cc

Next we use the change in elevation for midpoints A and B, da and ds, to find the motion components

squat> Ve  Pith>p=Ja=9% gy 98—

XA YB
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Anti Forces

Review

Under the action of vertical (W+, Ba, Dr, Fu and Ae), lateral (T or Tg) or longitudinal (A and B) forces, the chassis
transmits loads to the contact patch under the wheels through the suspension components such as: springs, roll bars,
dampers, track bars and other links.

Springs and roll bars are flexible and elastic components that must deform before they can transmit the loads from
the chassis. The amount of deformation depends on their stiffness or ‘spring rate’. Dampers or shock absorbers are
flexible, visco-elastic components, which means that their deformation is time-dependent. The force in a damper
depends on the velocity of the applied deformation. Dampers also normally have some level of preload, which is a
force and is not time dependent. Track bars and other links have very high stiffness and will be treated as rigid
elements with very small, negligible, deformations under load.

The springs are always present in the suspension of a racing car. The other suspension components participate in
transmitting loads, from the chassis to the wheels, at varying proportions depending on the material characteristics
of the components (spring rate for the roll bar, shaft speed for the dampers) and the geometry of the suspension
(location of Instant Centre, I1C).

When two or more suspension components are present and active, e.g.

e spring + roll bar
e spring + damper
e spring + roll bar + damper

the total force, required for equilibrium, that is passed from the chassis to the wheels is split between the elements
participating in the mechanism in proportion to the stiffness and geometry of the components.

If there are no other suspension components, the springs pass the total load from the chassis to the wheel. If there are
active suspension components, they will take some of the total load and the spring will take the rest. This smaller
spring load results in smaller spring deformations and lower values for chassis motion (squat, pitch and roll).

The amount of load the suspension elements are capable of developing depends on the geometry of the components,
motion ratios, spring rates and location of the Instant Centre, IC.

Independent suspensions can be used at front or rear corners. For the purpose of this book, live axle track bar
suspensions are used only at the rear. Roll bars are used at the front and/or rear. Dampers can also be used front and
rear. Both independent and track bar suspensions are used in combination with roll bars and dampers. Springs are
always present at all corners in all suspension mechanisms.
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Independent Suspension

Under an independent suspension system, the horizontal lateral force induced by a turn produces a vertical reaction
at the wheel contact patch, P, and a horizontal reaction H as shown. A portion of the total wheel load is passed to

the chassis through the deformable components (spring, roll bar, shocks) and the rest is passed through the rigid
links (upper and lower arms).

Left Turn
Z
| |
@RF | I @LF Spring
4 RR =% == (3) LR
F ¥ % R
e i Zahor - - B i TS = oll Bar
Hz, Ha B A5 Hy Hs I
Py, Ps Front View ‘ P, Ps
Corners (1) and (3). Left Turn
Z
t !
-y |
—yr—> I
<—ys—> I @LF
e FlFREE ) LR
A 1::: ?ﬁ Wi, Wus
e v
Y Hi, Hs
v £ Y
ay
P1, P3

The horizontal reaction, H, to the turning force, T, depends on the portion contributed by each tire. The total Hy +
H; acting on the front tires is proportional to the amount of mass on the front tires. This portion can be divided
between the front tires by assuming each contributes in proportion to the wheel load on the corner.

This can not be expressed in a linear equation so we assume the entire turning force is distributed in proportion to
the total wheel load. This assumption is inaccurate when there is a longitudinal force or aerodynamic load.

__P _ T
H=3-TL > H=-P
Equilibrium
P — mF — mgFr — MsFs — W, =0
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Pay + H e — mFay — mrFray — msFsay —wy ay =0

dividing by ‘ay’
P+H ai—mF—mRFR—mst—Wu =0
y

Spring, roll bar and damper behaviour

F=k(d+ D +myRc) Fr = kr (dr+Dr + mrRc) Fs=1fs+fsp
Back substitution

P+ P —mk (d+ D +mRc) — M ke("22-d +Dg) —ms (fs + fse) — W= 0

T y m

re-arranging and collecting terms

P[L+ y& £ — mkd -mekedr =mK(D +MRc) + Mrks (Dr + Mg Rc) + MsFs + Wy

T y

T

PIL+ w

al — KV —mgkrdr = mk(D +ch) + mrkr (DR + MR Rc) + msFs + wy
y

Individual corners
T
Pi[1+ W_LT (%)l] — KiVi —mrikrrdr = miks (D1 +MiRc1) + Mrikrre (Dr1 + Mr1 Re1) + MsiFsi + wy

T
Ps[1+ W_LT (%)3] — K3V3 — Mr3krrdr = M3Ks (D3 +M3Rc3) + Mr2oKrr (Drs + Mr3 Res) + MsaFsz + wy,

Corners (2) and (4). Left Turn

=) FFFs IC
o AL 1=
wo FEINTL - 1\
& —e .
Il
=
H e \l/
P2, P4 ay

Equilibrium

—Pay + H e + mFay + mgFray + msFsay + wyay =0

dividing by ‘ay’

—P +H =+ mF + mgFr + MsFs + wy =0
y

Using a similar algebraic procedure as for the left corner
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Individual corners

T
P,[1- W_LT (ai) ] - K2V2 — Mrokredr = Mako (D2 +mM2Rc2) + MroKre (Dr2 + Mr2 Rez) + MsoFsy
2

<

-
Ps[l- W_LT (aiyj 1= KaV4— mrakrrdr = Maks (D +mMsRcs) + MrakKrr (Dra + Mra Res) + MsaFsq
4

Right Turn
Z

| |
! o—— Tr |

@RF | L @LF

(4)RR (= | | = (LR
T ot | vy
Al Npnkp

Ha, Hq pife ZE Hy, Hs v

P2, P4 Py, Ps

Following the same steps as for the left turn case, with due to consideration to the change in sign of the horizontal
forces, we obtain the following:

P11+ T—RT (%)1] — KiV1 — mrikredr = miki (D1 +MiRc1) + Mrikrr (Dri + Mr1 Re1) + MsaFsa + Wy

Ps[1+ T—RT (a%)s] — K3V3 — Mr3krrdr = M3K3 (D3 +M3Rcs) + Mr2Krr (Drs + Mrs Rea) + MsaFss + Wus
Py [1- T—RT (aiy)z] — K2V2 — mrakrrdr = moka (D2 +M2Rc2) + Mrokre (Dr2 + Mr2 Re2) + MsoFs2 + Wy
Pal- \-/rv—i (%L] — K4V — MrskrrOr = MsKg (D4 +MaRcs) + MraKrr (Dra + Mr4 Rea) + MsaFsq + Wug

Simplified Equations
These equations correspond to Equations [4] through [7] for the Base Case discussed before.

T,_ +TR

%)1] — KiVi — Mrikrrdr = miky (D1 +miRc1) + Mrikre (Dr1 + Mr1 Rer) + MsiFsy + Wy

Pq [1+

Po[1-

i) ] - KoVa2 — Mrokredr = Mako (D2 +mM2Rc2) + MroKre (Dr2 + Mr2 Rez) + MsoFsy + Wy

T, +T,
Ps[1+ L+ R (i) ] — KsV3 — Mrskrrdr = Msks (D3 +M3sRcs) + MroKrr (Dr3 + Mrs Res) + MsaFss + Wys
Pe[l- (

j 1= KaVa — Mrekrrdr = MsKs (Ds +maRcs) + MraKrr (Dra + Mra Res) + MsaFsa + Wug

€
a
4

y
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Longitudinal — Acceleration

Front corners (1) and (2)

(1) LF
(2) RF

P1, P2 1, 12

Rear corners (3) and (4)

The total acceleration force, A, is applied at the rear and split between corners (3) and (4) in proportion to the
distance from the wheel patch to the CG

z
X
|
<t S>>

:

AT
< . Xs N| E j»k% EE

Py

N
x
py)
I

D

el lay
i

< ts >le >
I

P r3A rsA
oo latyT o BTYT
== 71 y=—
t3+t4 t3+t4

P-rAX —-mF-mrFr-msFs—w,=0

P- I‘Aal —mk (d + D +mRc) — mrkr(dr+Dr + MrRc) — ms (fs + fsp) —w, =0

Individual corners and replacing d with V
P3 — K3V3 — Mgskrrdr = I3 A(%L + mM3ks (D3 + M3Rc3) + Mrs Krr(Drs + Mr3Rc3) + Mss Fsz + Wys

Ps — K4V4 — Mrakrrdr = 14 A(a%)4 + MsKs (D4 + MyRcs) + Mra Krr(Dra + MraRcs) + Msa Fsa + Wus
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Longitudinal — Braking

The total braking force, B, is split between the rear and the front wheel assemblies in the ratio pr : pr The front and

rear braking force components, peB and prB, are in turn split between the left and right tires, in proportion to their
distance to the CG.

(2) RF

Percentage splits between front and rear, pr and pr, are assumed known. The left/right split is calculated as shown
below.

_ . Lh+yr _ o b=yt
41 =Pr t,+ 1 02 =Pr t+1,
o tytyr _ la-yr
03 =PRr tatty Q4 = PR Y

Front corners (1) and (2)

P—qBai—mF—mR FR—-msFs —w,=0
P1 — KiVi — mrikredr = q:B (a%)l"' m1ki(D1 + miRc1) + Mrikre (Dri + MriRc1) + Msy Fs + Wyg

P, — K2V — mrokredr = 2B (a%)z + mko(D2 + moRc2) + Mrokre (Dr2 + Mr2Rec2) + MsoFso + Wy
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Rear Corners (3) and (4)

ax
P+gB 2 -mF-mgFr—MmsFs —w,= 0
X

P3 — KsV3 — Mr3krrdr = — 03B (ai)s + M3K3(D3 + M3Rc3) + Mr3Krr (Drs + Mr3Rcs) + Ms3Fs3 + W3

X

Ps — KaV4 — Mrakrrdr = — q4B (aix)4 + Maka(Da + MaRcs) + Mrakra (Dra + MraRca) + MssFsa + Wys

ty+yr o 3-yr
04 =PRr
t3+t4 t3+t4

03 =PRr

Summary (Brake)

P1 — Ki1V1 — mrikrrdr = 01B (ai)l‘" mM1k1(D1 + m1Rc1) + Mrikrr (Dr1 + Mr1Rc1) + Msy Fs1 + Wug

<

P, — K2V — mrokredr = 2B (a%)z + mko(D2 + moRc2) + Mrokre (Dr2 + Mr2Rc2) + MsoFso + W
+ m3ks(D3 + M3Rc3) + Mrskrr (Dr3 + Mr3Rc3) + MssFss + W3

P4 — K4V — Mrakrrdr = — q4B

P3 — K3V3 — Mr3krrdr = — Q3B(
( + MgKa(Dg + MaRcs) + MraKra (Dra + MraRcs) + MsaFsa + Wys

e)
a /3
e)
/4
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General Case. Independent Suspension at all corners.
(All Loads, Banking, Antis)

Introduction

Previously, we have considered a Base Case with vertical force W, turning forces T, and Tg, road banking through
an angle o, acceleration force A, braking force B and other loads such as Ballast, Driver, Fuel and Aerodynamic. In
this Base Case, we assumed that only the flexible suspension components (springs, roll bars and dampers) are active,
ignoring the effect of the rigid components. The contribution of the rigid components to resist the loads passed from
the contact patch to the chassis, and vice versa, depends on the position of the Instant Centre (IC), defined by the
geometry of the suspension links. In the previous case, we assumed that these loads are resisted entirely by the
springs. In this General Case, we incorporate the effect of the rigid suspension components. The magnitude of this
contribution is dictated by the position of the IC, given by its horizontal distance to the centre of the contact patch, a,
and its elevation from the ground, e.

Analysis
The overall analysis of the system follows the same concepts presented for the Base Case. First, we establish the
conditions for equilibrium: Vertical forces (Z—Axis), Moments about the X—axis and Moments about the Y-axis,
equations [1], [2] and [3]. Second, we write the equations describing the behaviour of the suspension components,
equations [4], [5], [6] and [7]. Third, we write the equation of compatibility of deformations, equation [8]. Then we
write the equation establishing the compliance of the roll bar to the deformations of the springs, equation [9].
Equations [1], [2], [3] and [8] involve the overall behaviour of the system and are the same as for the Base Case.
Equations [4], [5], [6] and [7] involve the behaviour of individual suspension assemblies at each corner and will be
different from those developed for the Base case. The difference is the addition of terms corresponding to ‘jacking’
forces induced by the rigid components.

Equations
[1] P1+P2+P3+Ps=WrCosa+ (T.+ Tr) Sin a + (Ba + Dr + Fu) Cos a + Ae

[2] Pit1 — Paty + Psts — Pats = [-R]{ (Wt Sin oo — (T + Tr) Cos o) zr — (Wt Cos o + (T + Tgr) Sin o) yr
(Ba zg + Dr zp + Fu z¢) Sin a. —(Ba yg + Dr yp + Fu yg) Cos o + Ae ya}

[3] Pili + P2l — Psls — Pals = (Wt Cos o + (T + Tg) Sin ) Xt
+ (B-A) z7 + (Ba xg + Dr xp + Fu Xg) Cos a + Ae Xa
T +TR

[4] P11+ (_e ) 1 - KiVi— Mrikredr =
wr a3 )
B (—:X )1+ MKy (D1 +mMiRc1) + MriKrr (Dr1 + Mr1 Re1) + MsiFsi + Wi

T +Tgr

[5] P2[1 Wy (aiyjz] — K2V2 + mrakredr =

2B (a%)z +make (DZ +m2RC2) + Mr2oKre (DRZ + Mr2 Rcz) + MsoFsy + Wy
T +Tr

[6] Ps[1+ W, (a%)s] — K3V3 — Mpr3krrdr =

rs A(a%)3 - 03B (%)3 + mszks (D3 +M3Rc3) + Mrokrr (Drs + Mrs Res) + MsaFsz + Wys

T +Tr
71 Pall- Lo

(aij 1= KaVa + Mprakrrdr =
v /4

rs A(a%)[l - 4B (;;X)A + Myks (D4 +M4Rca) + MraKrr (Dra + Mra Res) + MsaFsq + Wya
[8] CiV1+CoVo+C3V3+CsVs=0

[9] V1—V2—GdR:0
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Matrix Formulation
This system of 8 equations and 8 unknowns can be formulated using matrix notation.

AX=B > X=AlB
Where
A = Matrix of stiffness and geometry coefficients
A1 = Inverse of matrix A
X = Vector of unknown variables
B = Vector of constant coefficients
1 1 1 1 0 0 0 0 0 |
t, -t t -t 0 0 0 0 0
|1 |2 - |3 - |4 0 0 0 0 0
E1 0 0 0 - Kl 0 0 0 KRl
A=|0 E2 0 0 0 - K2 0 0 KRZ
0 0 E3 0 0 0 - K3 0 KR3
0 0 0 E4 0 0 0 - K4 KR4
o o 0 o0 C ¢C, C, C
0 0 0 0 1 -1 0 0 -G |
where
_ T +T e _ T +T e
et R () e ()
_ T, +T e _ T +T e
E3—1+—LWTR (a_yjs Es= ——LWTR (a—yL
Ki:mizki fori=1...4

Kri = —Mrikre  Kr2 = Mrokre Krs = —Mrskrr  Kra = MraKrr

Y1+Y2

Ci = Compatibility coefficients G=
YR1TYR2
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Constant coefficients, B, on the right side of the equations are:

B1 =W+ Cosa + (TL+ Tr) Sin o + (Ba + Dr + Fu) Cos a + Ae
B, = [-RI{ (Wr Sina — (TL + Tr) Cos o) zr — (Wt Cos o + (TL + Tgr) Sin o) yr
(Bazg + Drzp+ Fuzg) Sina—(Bayg + Dryp + Fuyg) Cos o + Ae ya }

Bs;= (Wt Cosa+ (TL+ Tg) Sina) xr + (B-A) zr + (Ba xg + Dr xp + Fu xg) Cos a + Ae Xa

Bs=0q:B (a%)l‘" m1Kz (D1 +mM1Rc1) + Mrikrr (Dr1 + Mr1 Rey) + MsiFst + Wiy

Bs = (2B (%)2 + mzkz (D2 +MzRe2) + Mrokrr (Dr2 + Mr2 Rez) + MsoFs2 + Wiz

Bs=r: A (a%)g - 3B (%)3 + mska(Ds +m3Rc3) + Mrskrr(Drs + Mr3Rc3) + MsaFss + Wy3

Br==rA (%)4 -q4B (3%)4 + MsKa(Ds +MsRca) + MraKrr(DRra + Mr4Rcsa) + MsaFsa + Wus

Bgzo
Bgzo
Where
oo atYT
3=——
t3+t4
ty +
= pp2°YT
t1+t2
ty+
Gz = pr AYT
t3+t4

o BTYT
=21
t3+t4
_n byt
d2 =Pf t+1,
t3 -y
Q4=I0R—3 u
t3+t4

Solving this system of equations results in 4 wheel loads, 4 wheel motions and one roll bar distortion.

P1, P2, P3, P4, V1, V2, V3, V4, dr

The wheel loads are used to calculate left, rear and wedge bias (BL, Br, Bw).
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_Pi+Ps

B
STV

B
R~y

_P3+P4

Bw

Mid-Point Co-ordinates

_Py+P3

With known geometry (spring co-ordinates x and y), the spring deformations are used to determine the co-ordinates
of midpoints A, B, C and D.

A B C D
X Y1X2 +¥oX1 Y3X4 tYaX3
YitY2 0 - Y3+Ys 0
y _X2Ya+X4Y2 X1¥3 +X3Y1
0 Xy +Xg 0 Xq + X3
z YV, +Y,Vy XV, + XV, YaVa + Y4V, XVs +XV)
Yit Y, Xy + X4 Yst+ Y, X+ X3

Note: x;j and y; are the co-ordinates of tire contact points and V; are the vertical wheel movements
These midpoint co-ordinates will be used to find the equation for the plane of the spring points.
AAx+BBy+CCz+DD=0

Where
AA=y1 Vo +y2 Vi+ye (Vi— V) —zc(y1+ Y2)

BB = — X1V + X2V1 — X¢ (V1— Vz) + Zc(X1 — Xz)
CC = — X1y2 — Xay1 + Xc (Y1 + Y2) + Yc(X2 — X1)
DD = Xc (-y1V2 — ¥2V1) + yc (X1V2 — X2 V1) + Z¢ (Y1 X2 + Y2 X1)

The equation of the plane is used to determine ride changes at the ride points. We substitute the co-ordinates X, and
y: for each ride point into the equation of the plane to find its change in elevation, z,.

DD - AAX, — BBy,
Zr = cC

Wheel motions are also used to find vertical displacements at the midpoints, da, dg, dc, do, for a given geometry,
and then to determine the chassis motion components: squat, pitch and roll. First we find the change in ride for the
origin(x=0andy =0)

_-DD-AA(0)-BB(0) DD
cc cc

then we find the change in elevation for midpoints A and B

—DD - AA(XA) - BB(yA) —-DD - AA(xg) - BB(yg)

da =z = and dg =zg =
A=ZIA cC B=12B cC
We then find the motion components
squat> Ve  Pith>p=da=9%  pos 98-t
XA YB
Dynamics Chapter 15 Mathematical Analysis 53



Live Axle Track Bar Suspension

In this case, the rear wheels are joined by a solid, rigid, axle and the front end has independent suspension at each
corner. The rigid chassis is supported in the front by flexible components like springs, dampers and roll bars and a
system of rigid links, and in the rear by flexible components connected to the live axle and by a single rigid track bar
(panhard bar), as shown below.

The horizontal lateral force induced by a turn is transmitted from the chassis to the axle by the rigid track bar. The
track bar is attached to the chassis at one end and to a point on the axle at the other. The force on the track bar
induces ‘anti’ or jacking forces on the rear wheels with a magnitude that depends on the geometry of the suspension.
Under these conditions, a portion of the total wheel loads is passed through the deformable components (spring, roll
bar, shocks) and the rest is passed through the rigid track bar.

Lateral — Track bar (Panhard Bar)

This system consists of a solid rear axle with a bar attached to a point just below the axle at one end and to a point
on the chassis at the opposite end. The analysis of the independent suspension system for the front wheels is
explained in a previous section.
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The turning force, Ty, is resisted by the front and rear wheels in proportion to the distance from the axle to the CG.
Horizontal force rr T. is the portion of the total turning force, Ty, resisted by the two rear tires at the contact patch.
Both rear wheels are engaged in the mechanism, and, in this case, there is no need to separate this force into
individual components under each wheel.

Analysis
The first problem is to determine the portion of the total lateral force acting on the rear tires. Since we are assuming
the vehicle has no yaw moment, the lateral force acting on the rear tires is proportional to the mass on the rear tires.

First, some basic concepts: a rigid bar of length L, is acted upon by a single concentrated force, Q, at a distance a
from the left support and b from the right support. The magnitude of the reaction at each support can be obtained by
applying the moment equilibrium equation at each end, as shown below.

Q

AI L B

EMa =0
BL-Qa=0 9B=Q% ~AL+Qb=0 eA:Qg

In other words, the reaction at a given support is equal to the total load, divided by the total span and multiplied by
the distance from the total load to the opposite support. We will use this concept to find the proportion of the
turning force resisted by the rear tires. Consider a plan view of the chassis, under a turning load, applied at the CG,
as shown below. LetQ =T, A=riTLand B=fT_

T X
< b >« 2>

B
1R
i 0
| 4
371 IR |2
i
< 13 _>|é L >

—>|

ar I L frTo

—
-

T :TLI > T = L

oy
| o
S

Where

a4 t1ly +toly b tglg +1yl3 N 3 b B
t1+1to t3+1y a+b
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Having determined the total lateral force acting on the rear axle, we can calculate the resulting forces.

S3 Sa
YR3 Yra
< Ys3 —>|<— Ys4 —_—>

N

h,=h,R,+(t,+t,) Tan &
h,=R,—e—aTana foEEom

L I1C4
e Fe, Fre Fss Fsa ' Fra F4 e
e ] e ] by
Al iy _ R
o B S i

wis Fd _ 22 W

% - ¥
R L — e R

7>
<—
FEN]
Lo
;
Log
o
“}5
\
o
§54h
-
g

h—ﬁ m%.a ﬁEEE Fif
Y 3 & b, Y,
1\ rTL
Ps3 ts t4 P4
Equilibrium

A double A-arm suspension is called “independent” because the movement and load on the right wheel is
independent of the movement and load on the left wheel. The right wheel movement and load depends on the right
spring deformation but not the left spring. The left wheel movement and load depends on the left spring deformation
but not the right spring. A live axle is not independent because the movement and loads on either side depend on
both springs. This makes the analysis more complicated.

To begin, we must determine the movement of the wheels and points s; and s4 where the springs attach to the live
axle. fsand f4 are the vertical movements of s; and ss. Fz and F4 are the forces applied at sz and sa.

t3_53
t+t, b+t

S, +1; Vs t,—s,
t, +1, t; +1,

ds = m3 fzbecause ms is the motion ratio between the spring and the attachment point on the rear axle. mz= 1 if the
spring is attached directly to the rear axle.

Component behaviour

Fs=msks (d3+D3) =ms ks (m3 f3 +D3) = K3 f3 + m3 ks D3 where Kz = ma? k3
Fs=ms ks (d4 +D4) =ms ks (m4 s +D4) = K4 fs + ms ks Dy where K4 = m42 Ka
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Here we consider the sum of moments about each of the two IC. We begin considering only the spring and spring
preload. The other terms will be added later.

—P3 (t3 + t4) —riTLhs + F3(S3 + t4) + F4(-S4 + t4) - Wu3(t3 + t4) =0
dividing by (ts + t4) and re-arranging signs, we get:

S, +t —-s, +t
Ps+r1TL h4 -F 3 4. Fa 4 4

3 -Wy3=0
t3+1y t,+t, t,+t,
Moving some terms to the right
S, +1 -S, +t
Py-F3 =—2-F4 e a1 + Wy3
t, +t, t, +t, t3+1y
Now replace F3 with the equation using K3 and f3
S, +1, -S,+t, hy
Ps— (K3 f3 +ms ks D3) - (K4 fa+maky D4) ——=-r7lL + Wy3
st 3T, g+l
S, +t -S, +t S, +t -5, +t
Ps—Ksfy 2—% -Kyfy ——2 =m3ks Dy =—2% +myks Dg ——2- 11T, + W3
t, +t, t, +t, t, +t, t, +t, t3+1y

Now replace fs and f; with equations involving Vs and V.

S, +t t,—s S, +1 s, +t t,—s —s, +t
Py Ks (Vs 304 4y, 353y %80 oy, SaThs 470y T T
t, +t, t,+t,  t+t, t, +t, t,+t,  t+t,
+1 S, +t
=ms ks Ds 4 b makeDs 20 pr N4y,
s+, s+, t3+1y
S, +t -S,+1, hy
Ps— L3 V3~ L3opp V4 = M3 ks D3 + My kg Dy -l + Wug
s+, s+, t3+1y

S; +1, 33+t4+K4 t,—s, —s,+t,
t,+t, t,+¢, t,+t, -+t

Where L3 = K3

t,—S; t,+5S; ‘K S, +t; t,—s,

And L3opp = K3 4
t,+t, t,+t, t,+t, t+1,

Now we take moments about IC3

P4 (t3 + t4) —riTLhs— F4(t3 + S4) — F3(t3 - S3) — Wu4(t3 + t4) =0
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Dividing by (t3 + t4) and rearranging signs, we get:

t,+s t,—s
Ps—rrTL hs —F3 R
t3+1y t, +t, t;+t,

Moving some terms to the right

t,+s t,—s
3 4 _F 3 3 :rTTL h4t +WU4

t, +t, t, +t, ts+t4

Now replace F4 with the equations using K4 and f4

t,+s, t,—s, h3
Ps— (K4 fs +my ky D4) - (K3 fa+ ms ks D3) =il + Wug
s T, 3 Tl s+t

t, +s t,—s
3 2 Kafs 2—= =mykyDs

T s+, 3ty Nl t;+1,

Ps— Ky fs

Now replace f; and f, with equations involving Vs and V4

s, +t t,—s, t,+s S, +t t,—s, t,—S
Py Ky (Vg A8 pyyyma "0y 375 oy SaT ) 2875 13 75

t, +t, t,+t, 4t t, +t, t,+t,  t+t,

t, +5s, -S,
=ma ks D4 + m3 ks D3 +rrTL + Wus

t3+t4 t3+t4 t3+1,

ta +5 t,-s h3

Ps—LaVa—Laopp Va=maks Dy =4 + makads =—2 + 11T, + Wug

Satty L+s, | t—Sy s

Where Ls = K4 3
t,+t, t,+1, t,+t, t+t,

t,—s, t;+s, +Ke S;+t, t;—5;
t,+t, t;+t, t,+t, t+t,

And L4opp = K4

Now we add additional terms. First consider the shock force.
This operates just like spring preload except the motion ratio may be different and we use yss and ysa in place of s3

and sa.

t, +s 4+ Ys - t Yo, +t
P3— L3 V3 — Laopp Va= M3 ks Ds —2 + myg; Fss S +make Dy —+—2 + mgy Fss 44
3+ 4 3+ 4 3+ 4 t3 +t4
n,
rrTo + W3
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t;+5 ty + t,—s ty —
Pa— L4 Va— Laopp V3 =My ks Dy 2 4+ms4Fs43—ys4+m3k3d3 33 4 mgs Fss — yS3+rTTL
3ty 3ty t; +t, 3t1,
h3
+ Wua
Now consider radius change. This operates just like V3 and V4
ty +5 ty+y —S, +t
P3— L3 (V3 + Res) — Laopp (Va +Rcs) = m3 ks D3 -2 + Ms3 Fs3 %3 4 My ke Dy —2—2 + Mg Fss
— +t h
Ysa 4T 4 + Wes
3 +1, ty +1t,
ty +5S t,+y —-S, +t
P3— Ls Va— Laopp Va= Ls Rea + Laopp Rea + M3 kg Dy ———=2 + Mgz Fsg ———2 + my kg Dy ———2
3ty t3 41, t, +1,
-y +1 h4
Msy Fsa 4 4. reTL + Wus
t3 +t, t3+t,
ty+s ty + t;—S
Ps—La (Va + RCa) — Lagpp (V3 + RC3) = My ks Dy 2% + mgy Fys 3—y34+m3 ks ds —2 + ms; Fss
t3+t4 t3 +t4 t3+t4
S_YS3 + + Wua
t3+1, 3t+1y

ta +5 tg + t,—s
3724 4 mgg Feg — 254 Ysa +maksds 2—+mg
3tly 3tly 3+,

Ps—LsV4— L4opp V3=LsRcs + L4opp Rc3 + my ks Dy

t —
Fss — Is3 +rrTL h3 + Wug
t3+1, ty +1,

The Anti Roll Bar (Swaybar) on a live axle works the same as with an independent suspension system except the
motion ratio m, is the ratio of the distance between the blades ys + yr divided by the track or t3 + ta.
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General Case
Front independent suspension. Solid Axle rear suspension.
(All Loads, Banking, antis)

Introduction

Previously, we considered the case of a car with independent suspension front and rear. In this case, we replace the
independent suspension at the rear with a solid axle suspension with a track bar. As before, we incorporate the effect
of the rigid suspension components.

Analysis
The overall analysis of the system follows the same concepts presented before. First, we establish the conditions for
equilibrium: Vertical forces (Z), Moments about the X—axis and Moments about the Y—axis, equations [1], [2] and
[3]. Second, we write the equations describing the behaviour of the suspension components, equations [4], [5], [6]
and [7]. For this case equations [4] and [5] are the same as for the previous one because the front remains as an
independent suspension system. Equations [6] and [7] for the rear axle are the ones developed for a track bar
suspension. Third, we write the equation of compatibility of deformations, equation [8]. Then we write the equation
establishing the compliance of the roll bar to the deformations of the springs, Equation [9]. Equations [1], [2], [3]
and [8] involve the overall behaviour of the system and are the same as for the General Case with independent
suspension in all corners. Equations [4] and [5], as indicated above, are also the same. Equations [6] and [7] involve
the behaviour of the solid axle suspension in the rear and will be different from those developed for the previous
case.

Equations
[1] P1+P2+P3+Ps=WrCosa+ (T, + Tr) Sina + (Ba+ Dr + Fu) Cos a + Ae

[2] Pit1 — Paty + Psts — Pats = [-R]{ (Wt Sin oo — (T + Tr) Cos o) zr — (Wt Cos o + (T + Tgr) Sin o) yr
(Bazg+Drzp+Fuzp) Sina—(Bays + Dryp + Fuyr) Cosa + Ae ya }

[3] Pl + Poly — P3ls — Pyls = (WT Cos a + (TL + TR) Sin OL) XT
+ (B-A) zr + (Ba xg + Dr xp + Fu xg) Cos a + Ae Xa

[4] Pi[1+ % (%j ] - KiV1 - Mrikredr =
1

9.8 (aix)l+ miki (D1 +m1Rc1) + Mrikre (Dr1 + Mr1 Re1) + MsiFsi + Wy

T +Tgr

Bl Pali-

(ai) 1 - KaV2 + Mrokredr =
v /)2

g-B (a%)z + m2kz (D2 +mMyRe2) + Mrokre (Dr2 + Mr2 Rez) + MsaFsz + Wy

t, +s t,+y -S, +t —Yg, +t
[6] P3— L3 Va— Laopp Va= My ks Dy A= + Mgz Fsg ———3 + my ke Dy ——2 + mgy Fgg —4 2 -
tg +1, tg +1, t,+t, gty
hy
rrTL + W3
3ty
t;+5S tg +
[7] Pa— L4 Va— Laopp V3= My ks Dy 2——% + mgy Fsg — Y54 + M3 Kz ds + Ms3 Fs3 3 4 rTL
3tly 3Tl t, +1, 3Tl
h3
+ Wua

[8] Ci1Vi+CoVo+C3V3+CsVs=0
[9] V1—V2—GdR=0
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Matrix Formulation
This system of 9 equations and 9 unknowns can be formulated using matrix notation.

AX=B > X=A1lB
Where
A = Matrix of stiffness and geometry coefficients
A = Inverse of matrix A
X = Vector of unknown variables (Four wheel loads, P, and four spring deformations, d)
B = Vector of constant coefficients
11 1 1 0 0 0 0 0 |
t; t, t; -t, O 0 0 0 0
L, -l -1, 0 0 0 0 0
E, O 0 0 -K;, O 0 0 Kgi
A = O EZ O O 0 - KZ O O K R2
0 0 E; O 0 0 —Ls  —Lgpp Krs
0 O 0 E, 0 0 —Lupp Ly Kgs
0 O 0 0 C, C, C, C, 0
10 0 0 0 1 -1 0 0 -G |
where
— T +Tr e J — T +TR ( e )
=1+ LR [ €& =1 - L R | €
El l WT ( ay 1 EZ l WT ay 2

Ki:mi2k| fori=1...4

Kri = —Mrikre  Kr2 = Mrokrr Krs = —Mrskrr  Kra = Mrakrr

Ci = Compatibility coefficients G= ity
YR1tYR2

P o

P, B2

P, Bs

P B4

X =<V and B=1:Bs

vV, Bg

V, B,

Vv, B,

dg e
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Constant coefficients, B, on the right side of the equations are:

B1=Wr Cosa + (T + Tgr) Sin o + (Ba + Dr + Fu) Cos a. + Ae

B, = [-RI{ (Wt Sina — (TL + Tr) Cos o) zr — (Wt Cos o + (TL + Tr) Sin o) yr
(Bazg + Drzp+ Fuzg+ Ae za) Sina —(Bays + Dryp + Fuyg) Cosa + Ae ya }

Bs;= (Wt Cosa+ (TL+ Tg) Sina) xr+ (B-A) zr + (Ba xg + Dr xp + Fu xg) Cos a + Ae Xa
Bs=0q:B (a%)l*' m1ky (D1 +mM1Rc1) + Mrikrr (Dr1 + Mr1 Re1) + MsiFst + Wiy

Bs =B (a%)z + mzkz (D2 +mM2Rc2) + Mr2kre (Dr2 + Mr2 Re2) + MsoFso + Wiz

ty +s t, + -5, +t ~Yg, +t h
Bs = m3 ks D3 —= 3*’mseyFssL‘—ysa"'m4k4D4#"'FNMFMMW L ! + W3
3 +1, t+t, t3+t4 t3+t, ty3+t,
ty+5 ty + t; —
B;=msks Dy =2 4+ms4Fs43—ys4+msk3ds + Ms3 Fs3 s + Wy
t3+t, tz +1, t, +t, t3 +1, ty +1,
88:0
Bgzo
Where
oo tatyr _ -yt
3= T—— g =—"——
t3+t4 t3+t4
th +y t1—-y
q :pFu d2 =Pf 1 T
t1+t2 t1+t2
ty+y t3 -y
O3 =PpR T 44 =PR 22T
t3+t4 t3+t4
b tqlo +tol talg +t4yl
po s gllarbl gyt
a+b 1 +to t3+t4

hs=R3—-e-aTana hy =h3R3+(t3+1t4) Tana

Solving this system of equations results in 4 wheel loads, 4 WHEEL MOTIONS and one roll bar distortion.
P1, P2, P3, Ps, V1, V2, V3, V4, dr

The wheel loads are used to calculate left, rear and wedge bias (BL, Br, Bw).

=P1+P3 BR=P3+P4

BL="W W W
T T T
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With known geometry (spring co-ordinates x and y), the spring deformations are used to determine the co-ordinates
of midpoints A, B, C and D.

Mid-Point Co-ordinates

A B C D
X Y1X2 +Ya2X1 Y3X4 +Y4X3
YitYya 0 - Y3+tYq 0
y _XoY4 +XqY2 X1Y3 + X3Y1
0 X9 + Xy 0 X1+ X3
z y1V2 + yZVl X2V4 + X4V2 y3V4 + y4V3 X1V3 + X3Vl
yl+y2 X2+X4 y3+y4 X1+X3

Note: x; and yi are the co-ordinates of tire contact points and V; are the vertical wheel movements
These midpoint co-ordinates will be used to find the equation for the plane of the spring points.
AAx +BBy+CCz+DD=0

Where
AA=y1 Vo + Yy Vi+yc (Vi—V2) —zc(y1+Y2)

BB = — x1V2+ X2V1 — Xc (V1— V2) + Zc(X1 — X2)
CC = — xqy2 — Xay1 *+ Xc (Y1 + Y2) + Yc(X2 — X1)
DD = xc (-y1V2 — ¥2V1) + yc (X1V2 — X2 V1) + Z¢ (Y1 X2 + Y2 X1)

The equation of the plane is used to determine ride changes at the ride points. We substitute the co-ordinates x; and
vy for each ride point into the equation of the plane to find its change in elevation, z,.

DD - AAX, - BBY,
e cc

Wheel motions are also used to find vertical displacements at the midpoints, da, ds, dc, do, for a given geometry,
and then to determine the chassis motion components: squat, pitch and roll. First we find the change in ride for the
origin(x=0andy =0)

_-DD-AA(0)-BB(0) _ DD

V,=12
0o cc cc

then we find the change in elevation for midpoints A and B

—DD - AA(Xa) —BB(ya)

dA =Zp = cC and dB:ZB:_DD_AA(XB)_BB(yB)

CC

We then find the motion components

d
Squat> Vo,  Pitth>p=—2—2 Roll>r=-28_2
Xa Ys
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Notation and Symbols

fspi

Factor used to calculate the distribution of turning force Ty to the rear axle

Horizontal distance from the wheel load to the Instant Centre (IC) in the longitudinal (X) direction
Horizontal distance from the wheel load to the Instant Centre (IC) in the lateral () direction
Midpoint between LF and RF springs

Matrix of coefficients for model equations

Coefficient of the x-co-ordinate in the spring plane equation

Aerodynamic load

Angle of bank of the road

Angle of the track bar in solid axle suspension

Factor used to calculate the distribution of turning force Ty to the rear axle
Coefficient used to calculate the distribution of turning force Ty to the rear axle
Midpoint between RF and RR springs

Braking force

Vector of constants for the model equations

Ballast load

Coefficient of the y-co-ordinate in the spring plane equation

Left bias. Left wheel loads divided by total weight.

Rear Bias. Rear wheel loads divided by total weight

Wedge. RF plus LR wheel loads divided by total weight

Midpoint between LR and RR springs

Compatibility coefficients applied to spring deformations
Coefficient of the z-co-ordinate in the spring plane equation
Centre of gravity

Spring deformation

Spring deformation fori=1... 4

Roll bar distortion

Roll bar blade tip displacement fori=1 ... 4

Midpoint between LF and LR springs

Spring preload fori=1 ... 4

Driver load

Roll bar preload fori=1... 4

Independent constant coefficient in the spring plane equation

Elevation of the Instant Centre (IC)
Wheel load coefficient to account for jacking forces in independent suspension fori=1 ... 4

Force on the shock fori=1... 4

Shock pre load fori=1 ... 4

Spring force fori=1... 4

Force at the tip of the blade of a roll bar

Total force on the shock fori=1 ... 4

Fuel load

Ratio of spring track to roll bar track. Geometric coefficient relating spring and roll bar deformations

Elevation of the IC at the LR wheel in a track bar suspension

Elevation of the IC at the RR wheel in a track bar suspension

Horizontal wheel force induced by a turn

Instant Centre. Located at the intersection of the upper and lower control arm lines of action.

Spring rate or stiffness
Spring rate or stiffness fori=1... 4
Roll bar rate or stiffness
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Krr
Krr
Ki

Kr

LF
LR
Ls
L3opp

[-R]
i
Rci
RF
RR

t
ti
To
Tr

U

Vo
V1
V,
Vs
V4

Wy

Ws
Wr
Wy

Xri

Front end roll bar rate or stiffness

Rear end roll bar rate or stiffness

Spring stiffness coefficient fori=1 ... 4. [K; = mi? ki]. Used in matrix A

Roll bar stiffness coefficient KLmi?K? fori=1 ... 4. [Kri = Mgi kri]. Used in matrix A

Wheel base

Corner wheel base fori=1... 4

Force on Lower control arm

Left Front corner, also designated (1)

Left Rear corner, also designated (3)

Coefficient for solid axle suspension used in Matrix A
Coefficient for solid axle suspension used in Matrix A
Coefficient for solid axle suspension used in Matrix A
Coefficient for solid axle suspension used in Matrix A

Spring motion ratio. Ratio between spring force and wheel load. P = mF

Spring motion ratio fori=1... 4

Roll bar motion ratio fori=1 ... 4. Ratio between RB force and wheel load. P = mrFr
Shock motion ratio for i =1 ... 4. Ratio between damper force and wheel load. P = msFs

Pitch

Percent front brakes
Percent rear brakes
Wheel load fori=1... 4

Percent brake force to LF wheel
Percent brake force to RF wheel
Percent brake force to LR wheel
Percent brake force to RR wheel

Roll

Percent acceleration force to LR wheel
Percent acceleration force to RR wheel
Percent turn force (T + Tr) to rear end
Use negative sign for Right turn
Wheel radiusi=1 ... 4

Change in wheel radiusi=1 ... 4
Right Front corner, also designated (2)
Right Rear corner, also designated (3)

Track

Corner tracki=1... 4
Force induced by a left turn
Force induced by a right turn

Force on upper control arm

Squat. Vertical displacement of the origin of co-ordinates (car centre).
Wheel motion LF

Wheel motion RF

Wheel motion LR

Wheel motion RR

Unsprung weight for an individual wheel assembly fori=1... 4
Sprung weight.

Total weight of the car

Total unsprung weight

X co-ordinate of ride point fori=1 ... 4
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XA
XAe
XB
XBa
Xc
XD
Xpr
XFu
XRi
Xsi
Xs
XT

X X X

Yi
Ya
Yae
YB
YBa
Yc
Yo
Yor
YEu
yri
YRi
Ysi

Zpe
ZB
ZBa
Zc
Zp
Zpr
Zry
ZRj
Zsi
Zs
7
Zy

X co-ordinate for midpoint A between LF and RF springs
X co-ordinate for Aerodynamic load

X co-ordinate for midpoint B between RF and RR springs
X co-ordinate for Ballast load

X co-ordinate for midpoint C between LR and RR springs
X co-ordinate for midpoint D between LF and LR springs
X co-ordinate for Driver load

X co-ordinate for Fuel load

X co-ordinate for roll bar bottom point fori=1 ... 4

X co-ordinate for shock bottom point fori=1 ... 4

X co-ordinate of CG for sprung weight

X co-ordinate of CG for total weight

X co-ordinate of CG for unsprung weight

Longitudinal co-ordinate axis in the direction of motion
Vector of model variables

Y co-ordinate of spring bottom point fori=1... 4

Y co-ordinate for midpoint A between LF and RF springs
Y co-ordinate for Aerodynamic load

Y co-ordinate for midpoint B between RF and RR springs
Y co-ordinate for Ballast load

Y co-ordinate for midpoint C between LR and RR springs
Y co-ordinate for midpoint D between LF and LR springs
Y co-ordinate for Driver load

Y co-ordinate for Fuel load

Y co-ordinate of ride point fori=1...4

Y co-ordinate for roll bar bottom pointi=1 ... 4

Y co-ordinate for roll shock bottom pointi=1... 4

Y co-ordinate of CG for sprung weight

Y co-ordinate of CG for total weight

Y co-ordinate of CG for unsprung weight

Lateral co-ordinate axis in a direction perpendicular to motion

Z co-ordinate of ride pointi=1 ... 4. Ride

Z co-ordinate for midpoint A between LF and RF springs
Z co-ordinate for Aerodynamic load

Z co-ordinate for midpoint B between RF and RR springs
Z co-ordinate for Ballast load

Z co-ordinate for midpoint C between LR and RR springs
Z co-ordinate for midpoint D between LF and LR springs
Z co-ordinate for Driver load

Z co-ordinate for Fuel load

Z co-ordinate for roll bar bottom pointi=1... 4

Z co-ordinate for shock bottom pointi=1... 4

Z co-ordinate of CG for sprung weight

Z co-ordinate of CG for total weight

Z co-ordinate of CG for unsprung weight

Vertical co-ordinate axis
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The following formula is used as part of the Wan31 Roll Bar Blades worksheet.

Roll Bar rate with blades at variable angle

_bH'1 o HE®1
ST12°F WTToOF

A
=[50 ) S5 cos

(o) i

I, =C+RCos2a
pI® 1.2pPI (Hj
M=— dy =——=In| —
El, Gb(H-h) \h
B:L KT:M
dy +dy 32L12
Kg K
KRB:KB T
B +Kr

Is = Moment of inertia of the blade, about its strong axis, at the root.
Iw = Moment of inertia of the blade, about its weak axis, at the root.
b = Thickness of the blade

H = Depth of the blade at the root

h = Depth of the blade at the tip

F = Reduction factor to account for taper

o = Angle of the blade. [o. = 0° > Strong; o = 90° >Weak]
l« = Moment of inertia at an angle o

C = Centre of Mohr’s circle for moment of inertia

R =Radius of Mohr’s circle for moment of inertia

dm = Blade tip deflection due to bending

dv = Blade tip deflection due to shear

P = Force at the tip of the blade

| = Blade length

L = Torque tube length

do = Outside diameter of torque tube

di = Inside diameter of torque tube

di=do—-2t

t = Wall thickness of torque tube

E = Modulus of elasticity of blade material

G = Shear modulus of plate material

Kg = Blade stiffness (Rate)

Kt = Torque tube stiffness

Kre = Roll bar stiffness (Rate)
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